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ABSTRACT 

The author has undertaken i n  a very gene ra l  f o r m  a.n 
expos i t ion  of t h e  p r i n c i p l e s  of r a t i o n a l  mechanics which 
c o n s t i t u t e  t h e  b a s i s  of i n e r t i a l  naviga t ion .  He has shown 
iicjw ciose'iy t h e  accuracy c h a r a c t e r i s t i c  of t h i s  form 
of naviga t ion  is l inked  with t h e  s t r u c t u r e  of 
t h e  g r a v i t a t i o n a l  f i e l d  i n  which t h e  veh ic l e  moves. 
Applications t o  b a l l i s t i c  mi s s i l e  guidance, a i r c r a f t  and 
s h i p  de t ec t ion ,  and space mission con t ro l  are discussed 
b r i e f l y  i n  t h e  l i g h t  of general  p r i n c i p l e s ,  wi th  a d e t a i l e d  
t e c h n i c a l  desc r ip t ion  avoided. 

1. Introduction 

W e  are a l l  familiar wi th  t h e  eplscde,  cceasimzlly found i n  d e t e c t i v e  
f i c t i o n ,  i n  which t h e  kidnap v ic t im,  t ranspor ted  b l indfo lded  i n  an auto- 
mobile, succeeds i n  recons t ruc t ing  and r e t r ac ing  t h e  rou te  t r a v e l l e d  on t h e  
b a s i s  of t h e  muscular impressions experienced during t u r n s  and d i r e c t i o n a l  
changes, as we l l  as through t h e  ac t ions  o f  t h e  d r i v e r  on t h e  brake pedal  and 
a c c e l e r a t o r .  This process ,  a not a l toge ther  f a n c i f u l  one, provided t h e  

rudimentary e f f o r t  a t  i n e r t i a l  guidance. 
v i c t im  i s  w e l l  acquainted with t h e  region i n  ques t ion ,  c o n s t i t u t e s  a - /2  

I n  a more e labora t e  form, t h e  prec ise  measurement of acce le ra t ions  
through an i n t e r n a l  procedure and t h e i r  double i n t e g r a t i o n  wi th  a view toward 
t h e  de r iva t ion  of t h e  v e l o c i t y  and pos i t i ona l  va r i ab le s  has long appeared t o  
be an e l e g a n t ,  if somewhat u topian ,  method of f i x i n g  t h e  p o s i t i o n  of a 
moving o b j e c t .  
when it borrows nothing from o the r  naviga t iona l  techniques ,  i s  e s s e n t i a l l y  
based on experimental manipulations e f fec ted  on board t h e  v e h i c l e ,  and 
r equ i r e s  no l i n k s  of any kind wi th  t h e  outside world. It i s ,  t h e r e f o r e ,  i n  
e f f e c t  "endonavigation", t o  use t h e  term which w a s  f i r s t  appl ied  t o  it - 

"Numbers given i n  t h e  margin i n d i c a t e  the  paginat ion i n  t h e  o r i g i n a l  fore ign  

I n e r t i a l  navigat ion i n  i ts  most r a d i c a l  embodiment, t h a t  i s  

t e x t .  
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we b e l i e v e  - by Professor  Roccard and which perhaps def ines  it more n i c e l y  
than  i t s  customary appe l l a t ion .  

L 

The autonomy conferred on t h e  vehicle by i n z r t i a l  naviga t ion  i s  q u i t e  
obviously a p a r t i c u l a r l y  a t t r a c t i v e  f ea tu re  i n  t h e  case of m i l i t a r y  applica- 
t i o n s .  It i s  p r e c i s e l y  t h e s e  appl ica t ions ,  i n  f a c t ,  which have l e d  t o  t h e  
major 
be seen i n  t h e  spec tacu la r  breakthroughs which have been achieved i n  l i m i t e d  
but import an t  a r eas .  

t echnologica l  e f f o r t ,  t h e  r e s u l t  of which, f o r  t h i s  technique, can 

It has  occurred t o  us t h a t  it might be  of i n t e r e s t  t o  present  t o  t h e  
Associat ion , without undertaking a de ta i l ed  desc r ip t ion  of ins t rumenta t ion  - 
something both beyond t h e  d e s i r a b l e  scope of a paper of t h i s  t ype  and ou t s ide  
t h e  competence of i t s  author - , some r e f l e c t i o n s  of a genera l  na ture  wi th  
respec t  t o  t h e  mechanical fundamentals o f  i n e r t i a l  naviga t ion ,  t h e  p r i n c i p a l  
d i f f i c u l t i e s  encountered i n  i t s  implementation, t h e  forms which it may assume 
according t o  i t s  varying app l i ca t ions ,  and f i n a l i y  i t s  prospec ts  f o r  f u r t h e r  
development. 

2.  Fundamental P r inc ip l e s  

2.1. 

Given a veh ic l e  (Fig.  1) , t o  which w e  assign t h e  t r iangula t ion  reference 
poin t  01, x ,  y ,  z,  we s h a l l  understand by navigation t h e  continuous and 
instantaneous determination of t h e  coordinates of one poin t  of t h e  veh ic l e ,  
O1 f o r  example, with respec t  t o  an ex terna l  marker O x y z ,  which we s h a l l  
assume t o  be Galilean. The a n t i c i p a t e d  p rec i s ion  of t h e  opera t ion  i s  such, 
moreover, t h a t  i n  genera l  no i n t e r e s t  a t taches t o  any d iscuss ion  of  t h e  
p r e c i s e  s e l e c t i o n  of po in t  O1. 
l i m i t e d  t o  a real-t ime loca t ion  of t he  moving o b j e c t .  It i s ,  of course,  
q u i t e  t r u e  t h a t  t h e  i d e a  of naviga t ion ,  as genera l ly  understood, br ings  t o  
mind a more ex tens ive  opera t ion ,  involving t h e  ac t ions  which t h e  naviga tor ,  
appr i sed  of h i s  p o s i t i o n ,  exe r t s  upon the movement of h i s  v e s s e l  wi th  an eye 
toward render ing  t h a t  movement cons is ten t  wi th  h i s  d e s i r e  o r  with t h e  
requirements of t h e  mission which has been en t rus t ed  t o  him. 
l i n g u i s t i c  ( o r  semantic) ambiguity inherent i n  t h i s  usage, we p r e f e r  t o  
reserve  t h e  term "guidance" f o r  t h i s  all-encompassing opera t ion  , while  
employing t h e  word "navigation" i n  i t s  narrowest 
t h e  determinat ion of t h e  fix, 

Navigation i n  t h e  contex t ,  t h e r e f o r e ,  i s  

Despzte t h e  

sense ,  i . e . ,  t h a t  of 
t o  borrow an  expression from naval  parlance. 

Suppose t h a t  wi th in  t h e  veh ic l e  we p l ace  a s m a l l  t e s t  mass m ,  f r e e  of 
a l l  connection ( i n  t h e  sense of r a t i o n a l  mechanics) wi th  t h e  v e h i c l e ,  but 
subjec t  t o  a s i n g l e  force  F, which i s  pe r fec t ly  c o n t r o l l a b l e  and measurable 
by an on-board opera tor .  Suppose fu r the r  t h a t  t h i s  operator 
mechanism a c t i n g  i n  h i s  s t e a d )  possesses r e f l e x e s  f a s t  enough t o  keep mass m 
cont inuously w i t h i n . t h e  vehic le  through proper manipulation of fo rce  F. If 
care  i s  taken  t o  note  t h e  value of F 3t each i n s t a n t ,  t h e  acce le ra t ion  $ of 
t h e  mass m w i l l  be known through = , and i f  t h e  i n i t i a l  p o s i t i o n  and 

m 

(or a mechanical 
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v e l o c i t y  o f  t h i s  mass are known, it w i l l  be poss ib l e  t o  c a l c u l a t e ,  at any 
i n s t a n t  through double i n t e g r a t i o n ,  t h e  absolute pos i t i on  of mass m y  thus  of 

.a poin t  i n t e r i o r  t o  t h e  veh ic l e ,  thus  of t h e  vehic le  i t s e l f .  This computation 
i s  expressed by t h e  equation 

where i s  t h e  vec tor  l i nk ing  t h e  o r ig in  t o  poin t  P occupied by m and t h e  
de r iva t ion  i s  c a r r i e d  out with respec t  t o  t h e  absolu te  reference.  

x 

. - , -  

Fig .  1 

2.2 - /4 

Examining t h e  matter  a b i t  more c lose ly ,  it i s  evident t h a t  t h e  success 
of t h e  preceeding ope ra t ion . r a i se s  th ree  fundamental quest ions.  

1) It i s  f i r s t  of a l l  e s s e n t i a l  t h a t  t h e  measurements and computations be 
c a r r i e d  out  wi th  a degree of accuracy s u f f i c i e n t  t o  ensure t h a t  t h e  accuracy 
of t h e  r e s u l t  w i l l  be acceptable ,  despi te  t h e  c l e a r l y  cumulative na ture  of 
t h e  e r r o r s .  

2 )  I n  t h e  second p lace ,  it should be noted t h a t  t h e  acce le ra t ion  7 
can be  measured only by i t s  components i n  t h e  t r i h e d r a l  based on t h e  veh ic l e ,  
while t h e  i n t e g r a t i o n  must dea l  with the components i n  t h e  f ixed  trihedral. 
It i s  thus  important t o  know t h e  o r i en ta t ion  of t h e  moving t r i h e d r a l  with 
respec t  t o  t h e  f ixed .  Pos i t i ona l  o r  linear i n e r t i a l  navigat ion presupposes 
t h e  s o l u t i o n  of a roblem of o r i e n t a t i o n a l  or angular navigat ion.  I f  t h e  
p r i n c i p l e  of endonavigation i s  t o  be safeguarded and maintained throughout,  
t h i s  operat ion must i t s e l f  r e s o r t  t o  i n e r t i a l  procedures. On t h e  o the r  hand, 
i f  w e  are w i l l i n g  t o  accept a departure from t h i s  p r i n c i p l e  w i t h  respec t  t o  t h i s  

3 



p a r t i c u l a r  po in t ,  t hen  a very genera l  procedure which suggests  i t s e l f  f o r  t h e  
determination of t h e  o r i e n t a t i o n  of  t h e  moving t r i h e d r a l  might t a k e  t h e  form 

.of  star s i g h t i n g s ,  t h a t  i s  t h e  measurement of t h e  d i r e c t i o n a l  parameters of 
two stars wi th in  t h e  moving t r i h e d r a l .  

3 )  Thirdly,  t h e  procedure presupposes an a b i l i t y  t o  measure, i f  not t o  
c o n t r o l ,  t h e  forces  of every kind which a r e  brought t o  bear  on mass m. I f  
among t h e s e  forces  t h e r e  i s  an uncontrol lable  but known fo rce ,  it can always 
be compensated by t h e  ac t ion  of  t h e  cont ro l lab le  forces .  On t h e  o the r  hand, 
i f  they  include an unknown fo rce ,  t h e  method i s  not workable. 

2.3 

Disregarding f o r  t h e  t ime being the  quest ion of p rec i s ion  and operat ing 
on t h e  assumption t h a t  t h e  angular navigation problem has been resolved 
through t h e  appl ica t ion  of  an a r b i t r a r y  procedure, l e t  us consider t h i s  l as t  
poin t  wi th  g r e a t e r  a t t e n t i o n .  Among the  forces  n a t u r a l l y  brought t o  bear  on 
mass m ,  c e r t a i n  of them o r i g i n a t e  at points which are p a r t  of  t h e  system; i n  
p r i n c i p l e ,  a knowledge of t h e s e  forces  presents  no d i f f i c u l t i e s .  Others a r e  
remote actions emanating f r o m  points  ou ts ide  t h e  system. Among t h i s  
l a t t e r  category,  t h e  in t e rven t ion  of magnetic o r  e l e c t r i c a l  fo rces  can always 
be avoided through t h e  s e l e c t i o n  of a t e s t  mass containing no magnetic o r  
e l e c t r i c a l  charge; g r a v i t a t i o n a l  fo rces ,  however, cannot be el iminated.  

-+ 
Let g be t h e  g rav i ty  f i e l d  at point P which i s  t h e  s i t e  of mass m*. With 

F represent ing  t h e  force  con t ro l l ed  by the  naviga tor ,  t h e  equation of motion 
f o r  P i s  wr i t t en :  

- / 5  

$7 -L -c 
m - - F 4- mg dP - 

or, cont inuing t o  set 3 -L Y _ _  
Ln. - y .  - . 

+- 
Y, 
of 

t h e  r a t i o  of t h e  ! 'sensible" force F t o  t h e  t e s t  m a s s  m y  has t h e  dimensions 
an acce lera t ion .  We s h a l l  r e f e r  t o  it as "sens ib le  acce le ra t ion .  ' I  

Let us consider t h e  consequences of t h e  above from t h e  poin t  of view of 
navigat ion.  

- I f  we know nothing concerning the  g r a v i t a t i o n a l  f i e l d  2, it i s  impossi- 
I n e r t i a l  techniques a r e  b l e  t o  proceed from 'f t o  t h e  a c t u a l  acce lera t ion  - d2?. 

d t2  

*A more p r e c i s e  expression would be "the f i e l d  of Newtonian a t t r a c t i o n  due 
t o  
P r a c t i c a l l y  speaking, moreover, t h e  vehicle  mass a t t r a c t i o n  i s  neg l ig ib l e .  

masses in t h e  universe  o ther  than those  which a r e  p a r t  of  t h e  vehic le . "  

4 



t h e r e f o r e  of no value t o  a navigator  moving i n  an unknown g r a v i t a t i o n a l  f i e l d .  

- Conver%efy, i f  t h e  g r a v i t a t i o n a l  f i e l d  i s  known at  every p o i n t ,  t h a t  i s  
if we accept g(r) as a given func t ion ,  Eq .  (2)  assumes the  form: 

Vector 3 i s  a p r i o r i  unknown, but  measurable. 
given func t ion  of time. 

It thus  t akes  t h e  form of a 

+ 
Vector g i s  not measurable, but  known as a p r i o r i  as a funct ion of space.  

The problem of i n e r t i a l  navigat ion i s  t h e r e f o r e  so lvable .  It reduces t o  
t h e  s o l u t i o n  of a second-order d i f f e r e n t i a l  equat iog ( t h r e e  
equati om ) i n  which t h e  measured acce lera t ion  y serves  as t h e  second term. 

sca lar  

2.4 

The foregoing conclusions can be presented i n  somewhat more s c i e n t i f i c  
language by turn ing  t o  t h e  p r i n c i p l e s  of t h e  mechanics of r e l a t i v e  motion, 
a review of which, i n  any event ,  seems not inappropr ia te .  

We a r e  aware t h a t  i f  we d i s t i ngu i sh  a t  point  P t h e  mass m i t s e l f  and t h e  
materialpo&ion af the vehic le  with which it coincides at  t h e  i n s t a n t  considered, 
t h e  theorem f o r  t h e  composition of acce lera t ions ,  der ived from pure kinematics,  / 6  
is  expressed by t h e  equa l i ty :  

- 

+ where ya i s  t h e  absolu te  acce le ra t ion  and Y r  i s  t h e  r e l a t i v e  acce le ra t ion  of 
mass m y  

'e i s  t h e  d r ive  acce le ra t ion  (impulsive acce le ra t ion )  , t h a t  i s  t h e  
3 

absolu te  acce le ra t ion  of t h e  vehic le  coinciding with m y  
+- 
we i s  t h e  angular d r ive  ve loc i ty  (angular  impulsive v e l o c i t y ) ,  t h a t  i s  

t h e  angular  v e l o c i t y  of t h e  moving t r i h e d r a l ,  

3 
Vr i s  t h e  r e l a t i v e  ve loc i ty  of mass m.  

The fundamental dynamics r e l a t i o n  appl ied t o  poin t  m 

i s  w r i t t e n  as fol lows:  

5 



'and may be i n t e r p r e t e d  through t h e  following statement:  

+ +  
"The fundamental dynamic r e l a t i o n  F = my i s  appl icable  t o  movement 

determined with respec t  t o  any t r i h e d r a l ,  on t h e  condition t h a t  f o r  t h e  
g r a v i t a t i o n a l  f i e l d  due t o  Newtonian a t t r a c t i o n  alone t h e r e  i s  s u b s t i t u t e d  an 
apparent g r a v i t a t i o n a l  f i e l d  defined by: 

This f ie ld  has t h e  p a r t i c u l a r  f ea tu re  of encompassing a term which 
i s  a func t ion  o f  t h e  r e l a t i v e  v e l o c i t y ,  s ince t h e  d r iv ing  (impulsive) move- 
ment i s  not pure ly  t r a n s l a t i o n a l .  

If i n  t h e  procedure described above t h e  conditions were t o  be made more 
severe by r equ i r ing  t h a t  mass m remain i n  a s t a t e  of r e l a t i v e  r e s t  wi th in  t h e  
veh ic l e  (which would n e c e s s i t a t e  g r e a t e r  v ig i l ance  on t h e  p a r t  of t h e  opera tor  
or a neg l ig ib l e  degree of error),  t h e  acce le ra t ion  of t h e  
mass and t h a t  of t h e  coincident po in t  could be regarded as i d e n t i c a l .  The 
instrument which u n t i l  t h i s  moment w a s  measuring only i t s  own s e n s i b l e  acceler-  
a t i o n  i s  now measuring t h e  acce le ra t ion  of a s p e c i f i c  po in t  wi th in  t h e  vehic le .  
This instrument i s  c a l l e d  an accelerometer. It is  important,  however, not t o  
l o s e  s i g h t  of t h e  f a c t  t h a t ,  desp i t e  i t s  misleading name, t h e  accelerometer 
does not a c t u a l l y  5easure t h e  absolu te  acce le ra t ion  , but r a t h e r  t h e  s e n s i b l e  
acceleration+?, - g o r ,  by simply changing t h e  s ign  of $he s c a l a r ,  t h e  apparent 
g r a v i t y  2 - Ye. 
i n t e r n a l  opera t ion  i s  an unavoidable consequence of t h e  i d e n t i t y  of t h e  
g r a v i t a t i o n a l  arid i n e r t i a l  masses. 

The imposs ib i l i t y  of separa t ing  and Ye by means of an 

Let us f u r t h e r  no te  t h a t  if t h e  z e c d z r m e t e r  i s  positioned a t  t h e  in- 
e r t i a l  cen te r  of t h e  veh ic l e ,  i t s  readings a r e  subjec t  t o  another i n t e r e s t i n g  
i n t e r p r e t a t i o n .  If $ , i s  t h e  r e s u l t a n t  of t h e  sens ib l e  ex te rna l  fo rces  ac t ing  
on t h e  veh ic l e  of mass M y  according t o  t h e  theorem f o r  t h e  movement of t h e  
cen te r  of i n e r t i a  we have: 

- /7 

whence 

/ 
Thus, t h e  accelerometer measures t h a t  p a r t  of t h e  v e h i c l e ' s  acce le ra t ion  

which i s  due t o  non-gravi ta t iona l  forces o r ,  on another s c a l e ,  t h e  r e s u l t a n t  
i t s e l f  of  t h e s e  fo rces .  

2.5 
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L e t  us r e t u r n  t o  t h e  b a s i c  equation of i n e r t i a l  naviga t ion :  

Mere in spec t ion  of t h i s  formula suggests t h e  thought t h a t  i n e r t i a l  naviga- 
t i o n  w i l l  assume q u i t e  d i f f e r e n t  aspec ts  according t o  t h e  order of magnitude of 
t h e  two terms found i n  t h e  f i r s t  member. From t h i s  po in t  of view, we are 
confronted wi th  two extreme cases.  The f i r s t  case i s  t h a t  of = 0. I n  t h e  
absence of g r a v i t a t i o n a l  fo rce ,  Eq. (3)  i s  resolved t o  Eq. (1): 

and t h e  computation i s  reduced t o  a double i n t e g r a t i o n .  

The second extreme case obta ins  when t h e  v e l o c i t y  & i s  cons tan t .  This 
d t  

s i t u a t i o n  subsumes as an even more p a r t i c u l a r  case t h a t  i n  which t h e  veh ic l e  i s  
motionless .  Eq .  (3) now reduces to: 

Thus, without i n t e g r a t i o n  and by means of an ord inary  equation t h e  method 
I n  t h e  f i n a l  a n a l y s i s ,  t h e  technique c o n s i s t s  fu rn i shes  us wi th  t h e  pos i t i on .  

i n  using t h e  accelerometer as a gravimeter, wi th  t h e  determination made on 
t h e  b a s i s  of t h e  g r a v i t a t i o n a l  components. 
g rav imet r ic  navigation. 

This procedure we s h a l l  c a l l  

It i s  of i n t e r e s t  t o  note+that grsvimet.ric navigation i s  not completely 
unworkable even when function g (1)  i s  known only imperfec t ly  or not at a l l ,  
provided one accepts a l e s s  s t r i n g e n t  d e f i n i t i o n  of navigat ion than  t h a t  which 
w e  have adopted. Should t h e  naviga tor  f i n d  himself not i n  a homogeneous space, 
but i n  an environment, where every element of which i s  recognizable by v i r t u e  /8 
of c e r t a i n  permanent and unique p rope r t i e s ,  he might l i m i t  h i s  ob jec t ive  s o l e l y  
t o  t h e  i d e n t i f i c a t i o n  of h i s  p o s i t i o n ,  determined i n  an a r b i t r a r y  system of 
v a r i a b l e s ,  even without any known r e l a t i o n  t o  met r ic  coord ina tes ,  similar t o  
t h a t  of an address i n  a c i t y .  
by t h e  va lue  of  g at t h a t  poin;, even i f  t h e  r e l a t i o n  2 ( r )  i s  unknown. 
d i f f e r e n t l y ,  t h e  knowledge of g w i l l  enable t h e  naviga tor  t o  s i t u a t e  himself 
on a map whose geometric conformity w i t h  r e a l i t y  i s  more or l e s s  approximate, 
bu t  on which have been p l o t t e d  p r e c i s e  i sova lue  curves for t h e  components of 3. 

- 

The pos i t i on  of a poin t  c y  then  be determined 
S t a t e d  

A s t r i c t l y  r igorous  app l i ca t ion  of gravimetric navigation i s  poss ib l e  i f  
t h e  naviga tor  can be  assured, a t  l e a s t  at c e r t a i n  moments, of h i s  immobility. 
There are a number of cases i n  which such assurance can be acquired wi th  notab le  
ease ,  although obviously only a t  t h e  expense of y e t  another v i o l a t i o n  of t h e  
p r i n c i p l e s  of endonavigation. An explorer t r a v e l l i n g  over s o l i d  ground w i l l  
f i n d  it q u i t e  n a t u r a l  t o  come t o  a h a l t  i n  order  t o  t a k e  h i s  p o s i t i o n .  The 
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pos i t i on  wi th  respec t  t o  t h e  stars of t h e  l o c a l  v e r t i c a l  (as determined by a 
pendulum or by t h e  normal t o  t h e  f r e e  surface of a l i q u i d  i n  a s t a t e  of r e s t ) ,  
completely i n  keeping with t h e  system out l ined  above, provides t h e  t r a v e l l e r  . 
with a knowledge of h i s  l o c a t i o n ,  as long as t h e  p o i n t s  of t h e  e a r t h  a r e  
p r e c i s e l y  i d e n t i f i e d  by t h e  d i r e c t i o n  of t h e i r  v e r t i c a l .  

Gravimetric naviga t ion  has been e f f ec t ive ly  employed f o r  a very long t ime. 
Through i t s  use it has been poss ib l e  t o  assign t o  every po in t  on t h e  e a r t h  two 
parameters , c a l l e d  l a t i t u d e  and longitude, which i n  e f f e c t  cha rac t e r i ze  t h e  
d i r e c t i o n  of t h e  force  of g r a v i t y  at t h a t  po in t . "  The a t t r i b u t i o n  t o  t h e s e  
po in t s  of met r ic  coord ina tes ,  wi th  respect t o  a frame of re ference  f o r  
our p l a n e t ,  which i s  t h e  proper  subjec t  of geodesy, c o n s t i t u t e s  a sepa ra t e  
problem, solved only some time l a t e r  and i n  l e s s  p r e c i s e  a manner. 

If t h e  t r a v e l l e r  i s  unable t o  come t o  a s t a t e  of complete r e s t  (as i n  
t h e  case of t h e  naviga tor  at sea) ,  gravimetric naviga t ion  can s t i l l  be appl ied  
i n  an approximate fashion. It frequently happens , i n  p a r t i c u l a r  , t h a t  t h e  
magnitude of instantaneous acce:eration d2$ 

dis regarded  with respec t  t o  2, but t h a t  i t s  mean va lue ,  wi th in  a wel l  chosen 
time i n t e r v a l ,  i s  on t h e  cont ra ry  neg l ig ib l e .  Eq. (3) can then be 

Gravimetric navigation can then  be reintroduced by employing an accelerometer 
of very long-period which behaves l i k e  a lowpass f i l t e r  f o r  T ( t ) .  I n  t h i s  
manner t h e  navigation of a sh ip  can be assured by def in ing  t h e  v e r t i c a l  by 
means of a long-period pendulum, such as a F l e u r i a i s  gyroscope, and by main- 
t a i n i n g  as constant a heading and speed as poss ib l e ,  so  as t o  minimize t h e  
mean va lue  of a c c e l e r a t i o n ,  with t h e  course and speed variations caused by 
t h e  a g i t a t i o n  of t h e  sea f i l t e r e d  out through t h e  ac t ion  of t h e  pendulum. 

i s  t o o  considerable t o  be z. 
reduced t o  Eq. ( 4 1 ,  provided t h a t  mean values are taken f o r  +- g and +- y 

I n  a l l  ins tances  i n  which t h e  use of t h e s e  expedients provides i n s u f f i -  
cier,t accuracy - p a r t i c u l a r l y  i f  t h e  mean value of - d2?! 

at' 
t h e r e  w i l l  be no a l t e r n a t i v e  but t o  measure y as p r e c i s e l y  as poss ib l e  and 
t o  i n t e g r a t e  Eq. ( 4 ) .  One thus a r r i v e s  a t  t h e  f i n a l  form of i n e r t i a l  
naviga t ion .  It w i l l  be observed, however, t h a t  t h e r e  e x i s t s  between i n e r t i a l  
and gravimet r ic  naviga t ion  (along with i t s  t r a d i t i o n a l  refinements) no break 
or d i s c o n t i n u i t y ,  but t h a t  i n  f a c t  t h e  former is  a c t u a l l y  a p a r t i c u l a r  case 
of t h e  la t ter .  

i s  not neg l ig ib l e  - 
-+ 

3. P rec i s ion  of I n e r t i a l  Navigation 

3.1 

Let us t u r n  back now t o  Eq. ( 4 )  and consider what degrze of 
p r e c i s i o n  o r  accuracy we may expect with respec t  t o  vec tor  r a f t e r  i t s  
i n t e g r a t i o n  up t o  t ime t .  

*The f a c t  t h a t  t h e  e a r t h  c o n s t i t u t e s  a non-Galilean re ference  marker in t roduces  
c e r t a i n  complications t o  be discussed below. 
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+- * Let $ b e  t h e  vec to r  which def ines  the  t r u e  p o s i t i o n ,  and r' + 6 r  t h e  
vec tor  which def ines  t h e  estimated posi t ion.  

Vector i s  defined by Eq. ( 4 ) :  

Vector $ +  $r i s  determined by t h e  computations of t h e  naviga tor  who 
measures on t h e  
one hand, he t akes  g at po in t  r + & and not a t  po in t  ;; on t h e  o the r  hand, he 
may commit a systematic e r r o r  6; w i t h  respect t o  g because of an imprecise 
knowledge of t h e  g r a v i t a t i o n a l  f i e l d .  Thus we have: 

wi th  an e r r o r  of $y+and e r r s  with ' respect t o  g' i n  two ways: 

- -  
Whence, by sub t r ac t ion  and assuming the  errors a r e  small: 

-L # + - +  -c 

- 6 r  - grad g 6 r  = 6y + 8g dt2 ( 5 )  

It w i l l  be seen t h a t  t he+cha rac t e r i s t i c  e r r o r  wi th  respec t  t o  2 i s  added 
t o  t h e  e r r o r  wi th  r e spec t  t o  y. 
wi th  far more p rec i s ion  than  
i s  r a t h e r  slight. 

Since the  chances a r e  t h a t  3 w i l l  be  known 
w i l l  be  measured, t h e  e f f e c t  of t h i s  

The preceeding equation, which i s  a l i n e a r  d i f f e r e n t i a l  equation of t ime /10 +- 
func t ion  c o e f f i c i e n t s ,  def ines  t h e  e r r o r  r 6 .  
i n t o  p l ay  t h e  i n i t i a l  values of pos i t i on  and v e l o c i t y  6$0 and (d6; ) . I ts  i n t e g r a l  w i l l  obviously b r ing  

- 
d t  
0 

3.2 

Let us l i m i t  our examination t o  a few simple p a r t i c u l a r  cases.  

an a x i s  
t i o n s  g 

and t h e  

a )  

Let us suppose, f i r s t  of a l l ,  t h a t  t h e  navigation i s  unidimensional along 
Vector $ i s  reduced t o  a component x, g ,  and 7 wi th  t h e i r  projec- Ox. 

and y on Ox. Eq. ( 4 )  is  now wri t ten:  

e r r o r  equation : 
d2 dg 
dt2 
- 6 x - - 6 x = S y + s g ~  dx 

If t h e  g r a v i t a t i o n a l  f i e l d  2 i s  uniform. W e  have only: 
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The e r r o r  i s  der ived by double-squaring t h e  e r r o r  f o r  ( y  + g )  . 
example, 8 (  y + g )  = 6yo = Cont , we have: 

If , f o r  

1' 
2 = 8xo + 8xo t + - SY, * P. 

The i n i t i a l  p o s i t i o n  e r r o r  i s  preserved completely, t h e  i n i t i a l  ve loc i ty  
e r r o r  gives a term at t ,  t h e  e r r o r  f o r  y g ives  a term at t2. 

b )  I f  t h e  g r a v i t a t i o n a l  f i e l d  is  l i n e a r  at  x ,  & i s  a cons tan t .  Let us 
dx 

assume it t o  be p o s i t i v e ,  and s e t :  

The equation without second number ( 5 )  y i e l d s  a genera l  i n t e g r a l  of t h e  
form: 

This means t h a t  even when t h e r e  i s  no e r r o r  wi th  respec t  t o  y ,  t h e  
p o s i t i o n  e r r o r  w i l l  conta in  a term which increases  exponentially i n  t ime. By 
in t roducing  t h e  i n i t i a l  values of t h e  e r ro r  6xo and 8fo, we can w r i t e :  - 111 

6 r  = 6xo ch h.1 + so sli kt. k 

When an e r r o r  6 ( y  + g)  i s  added, the equation containing t h e  second number 
must be i n t e g r a t e d .  

If s ( Y  + g )  = 8yo = Cont, we e a s i l y  f i n d :  

- 8xn 
'6s = 6r0 ~ 1 1  lit + - k 811 lit + (ch kt - 1) 2-1 

Even i n  t h e  absence of any i n i t i a l  error, t h e  measurement e r r o r  6y0 
r e s u l t s  i n  an exponent ia l ly  increas ing  pos i t ion  e r r o r .  I n  t h i s  case,  j u s t  
as i n  t h e  one preceeding, i n e r t i a l  navigation may be  descr ibed as uns tab le .  

c )  If i s  cons tan t  but nega t ive ,  we s e t :  & = -k2, 
ax dx 

I n  t h e  absence of e r r o r  with respect t o  y ,  t h e  p o s i t i o n  e r r o r  now evolves 
according t o  t h e  l a w :  



6 (Y + 6) = 6Yo 
I 

8.ko . 6Yll 6 x  = 6xo  cos kt + - sin kt + (1 - cos kt) ,k 

The e r r o r  6x i s  now o s c i l l a t o r y  and l imi t ed  i n  amplitude. I n e r t i a l  
navigat ion can be described as s t a b l e .  

Comment I. Even i n  t h i s  l a t t e r  case,  one must be c a r e f u l  not t o  s t a t e  
t h a t  t h e  l i m i t e d  charac te r  of 6 y ,  whatever may be t h e  funct ion 6 y ( t )  , assures  
t h e  same charac te r  f o r  e r r o r  6x. The equation without t h e  second member, i n  
f a c t ,  contains  no damping term, so t h a t  a s inusoida l  e r r o r  6yo and of 
pu l sa t ion  k would r e s u l t ,  through resonance, i n  an i n d e f i n i t e  increase  i n  6x. 
However, i f  we assume a p r o b a b i l i s t i c  viewpoint and envisage an e r r o r  having 
a continuous frequency spectrum, t h i s  eventua l i ty  may be disregarded. 

Comment 11. Let us count t h e  abscissas  on Ox, beginning at t h e  poin t  at 
which g i s  cancel led.  It w i l l  be seen a t  once t h a t  t h e  e r r o r  6x i s  equal  t o  
t h e  absc i s sa  of a heavy ma te r i a l  po in t  having a t  t h e  i n s t a n t  t = 0 t h e  pos i t i on  
and i n i t i a l  ve loc i ty  6x0 and 620 and subjec t ,  i n  addi t ion  t o  g rav i ty ,  t o  
acce le ra t ion  6y. 

3.3 

By now envisaging a form of navigation of t h r e e  degrees of  freedom - i n  a 
s p a t i a l  region s u f f i c i e n t l y  l i m i t e d  t o  permit t h e  considerat ion of grad g as 
cons tan t ,  we can always employ a reference t r i h e d r a l  such t h a t  t h i s  t enso r  
contains  only diagonal terms. The e r ro r s  on t h e  t h r e e  axes w i l l  develop inde- 
pendently,  following t h e  preceeding form , -while the stzbi1it.y f a c t o r s  w i l l  
fol low t h e  t h r e e  d i r ec t ions  

& . However, t h e  general  

gence i s  zero,  implies t h a t  
6, 

bound t o  the  respec t ive  values o f :  6gx , &, 

prope r t i e s  o f  t h e  Newtonian f i e l d ,  whose diver- 
6x 6y 

one a t  l e a s t  of  t hese  q u a n t i t i e s  i s  p o s i t i v e .  

There always e x i s t s ,  t he re fo re ,  i n  f r e e  space at  l e a s t  one d i r e c t i o n  i n  
which i n e r t i a l  navigat ion i s  unstable .  

For example, if we p lace  ourselves i n  t h e  v i c i n i t y  of t h e  Ear th ,  i n e r t i a l  

d8. * naviga t ion  i s  s t a b l e  ho r i zon ta l ly ,  t h e  pulsa t ion  k having t h e  value 

The corresponding per iod  i s  84 meters.  
a p e r f e c t l y  f la t  and pol ished b i l l i a r d  t a b l e ,  ho r i zon ta l  at i t s  cen te r ,  of a 
b i l l i a r d  b a l l  f r e e  of f r i c t i o n .  In  the  v e r t i c a l  d i r e c t i o n ,  i n e r t i a l  navigat ion 
i s  uns t ab le ,  with t h e  coe f f i c i en t  occuring i n  t h e  exponent ia l  having t h e  value 

This i s  t h e  per iod  of o s c i l l a t i o n ,  on 
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3.4' 

The p rope r t i e s  discussed above, with respec t  t o  accuracy, must obviously 
p lay  a predominant r o l e  i n  any study of the  appl ica t ions  of  i n e r t i a l  navigat ion.  
One might pose t h e  quest ion,  a p r i o r i ,  as t o  whether t h e  impos ib i l i ty  of  
measuring t h a t  p a r t  of t h e  acce lera t ion  which i s  due t o  g rav i ty ,  and t h e  need 
t o  s u b s t i t u t e  f o r  such measurement a knowledge of t h i s  acce lera t ion  as a 
func t ion  of  p o s i t i o n ,  cons t i t u t e s  a s t rength  or weakness of i n e r t i a l  navigat ion.  
The answer i s  a guarded one: everything depends on t h e  s t r u c t u r e  of t h e  
g r a v i t a t i o n a l  f i e l d .  
t h i s  circumstance l i m i t s  t h e  e r r o r ;  i n  one i n  which t h e  g rav i ty  grad ien t  i s  
p o s i t i v e ,  it amplif ies  it. I n  t h e  case of three-dimensional navigat ion,  t h e r e  
are always d i r ec t ions  f o r  which t h e  e r r o r  w i l l  be amplif ied.  

I n  a d i r e c t i o n  i n  which t h e  g rav i ty  gradient  i s  negat ive,  

I n e r t i a l  navigat ion w i l l  t he re fo re  be l i m i t e d  t o  appl ica t ions  of two 
types : 

- three-dimensional app l i ca t ions ,  but r igorous ly  l imi t ed  i n  t ime i n  
order  t o  maintain acceptable  accuracy; 

- long-duration app l i ca t ions ,  but of a l i m i t e d  number of dimensions i n  
order  t o  a s su re  s t a b i l i t y .  

4. Angular Navigation 

4.1 

The t ime has come t o  r e tu rn  t o  a problem which we have temporar i ly  d is -  
regarded: t h e  problem of angular navigation. We have already noted t h a t  t h i s  
procedure can be reduced q u i t e  simply t o  a s e r i e s  of  star s ight ings .  Because 
of  t h e i r  enormous d is tance ,  i n  comparison w i L h  the r E q e  
most ambitious space vehic les  , stellar bodies c o n s t i t u t e  quasi-perfect d i rect ional  
references, The v i s i b i l i t y  of t h e s e  stars, however, i s  f a r  from being 
u n i v e r s a l l y  gssured. 
r e l i a n c e  i s  t o  be placed i n  automatic equipment - e n t a i l s  a considerable  
number of d i f f i c u l t i e s  r e l a t i n g  t o  t h e  very f a i n t  r a d i a t i o n  energy l e v e l  which 
serves  as an i nd ica t ion  of  t h e i r  presence. It would the re fo re  appear t o  be 
of i n t e r e s t  t o  reso lve  t h e  problem o f  angular navigat ion i t s e l f  by means of 
experiments interior to the system. I d e a l ,  u n r e s t r i c t e d  endonavigation may be 
r e a l i z e d  i n  t h i s  manner. 

n f  even our 

The determination of  t h e i r  d i r e c t i o n  - p a r t i c u l a r l y  i f  

One might conceive of a t tack ing  t h e  problem through a simple t r anspos i t i on  
of l i n e a r  naviga t iona l  methods. 
d i s t r i b u t e d  accelerometers , of t h e  apparent g rav i ty  f i e l d  on board a vehic le  , 
or t h e  d i r e c t  employment of angular accelerometers,  t h e  opera t iona l  p r i n c i p l e  
of which obviously der ives  from t h a t  of t h e  l i n e a r  accelerometer,  would permit 
t h e  measurement of t h e  angular acce lera t ions  of t h e  veh ic l e  and t h e  deduction 
therefrom, by double i n t e g r a t i o n ,  of  the  q u a n t i t i e s  which def ine i t s  or ien ta-  
t i o n  - Euler  angles ,  f o r  example. 
t o  do fa r  b e t t e r .  

The study, using a s u i t a b l e  number,,of wel l  

But t h e  p r inc ip l e s  of mechanics enable us 
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. I n  t h e  expression which def ines  t h e  %pparent g rav i ty  we have i n  f a c t  taken 
-k 

note  of t h e  presence of t h e  term - 2 we A V r y  corresp2nding t o  t h e  Cor io l i s  
acce le ra t ion .  

c i s e l y ,  t h e  d i f f e rence  between t h e  sens ib le  for$e required t o  keep a t  r e s t  t h e  
mass m and t h a t  which imparts t o  it a ve loc i ty  V,, constant and known, provides 
two components of we- A second experiment of t h e  same nature ,  involving a 
ve loc i ty  Tr of d i f f e r e n t  d i r e c t i o n  , accomplishes t h e  determination of t h i s  
vec tor .  
ve loc i ty .  Thus , on-board experimentation wi th  ma te r i a l  masses i n  r e l a t i v e  
r ap id  movement assumes a fundamental importance and leads  us q u i t e  n a t u r a l l y  t o  
a cons idera t ion  of t h e  paramount r o l e  o f t h e  gyroscope. 

T h i s  means t h a t  t h e  angular ve loc i ty  we of t h e  veh ic l e  can be 
* demonstrated by an experiment i n  mechanics c a r r i e d  out on board. More pre- 

-+ 

The accuracy of t h e  measurement obviously increases  with t h e  r e l a t i v e  

4.2 - 114 

I n  f a c t ,  i f  one wishes t o  experiment wi th  a mass m y  i n  r a p i d  movement, 
without having it almost instantaneously escape t h e  con t ro l  of t h e  experimentor, 
t h e r e  i s  p r a c t i c a l l y  speaking no o the r  a l t e r n a t i v e  but  t o  impart t o  it an 
o s c i l l a t o r y  or c i r c u l a r  motion. 
i s  occas iona l ly  recommended, results i n  t h e  use of v i b r a t o r s  similar t o  tuning 
forks .  However, it i s  t h e  second approach which i s  almost un ive r sa l ly  adopted. 
By experimenting with a simple revolving r o t o r ,  rap id ly  r o t a t i n g  about i t s  
ax i s  and suspended without f r i c t i o n  about i t s  center  of i n e r t i a ,  we can i n  
f a c t  approach t h i s  problem i n  an a l toge ther  s a t i s f a c t o r y  manner. 
ance of t h e  c i r c u l a r  movement of t h e  elementary masses is  assured by t h e  simple 
play of t h e  s o l i d  couplings of t h e  r o t o r ;  t h e  e f f e c t s  on t h e s e  elementary 
masses of t h e  s t a t i c  term of t h e  apparent g rav i ty  are destroyed,  and those  of 
t h e  C o r i o l i s  term a r e  added. The theory of t h e  device reso lves  t o  t h e  
app l i ca t ion  of t h e  k i n e t i c  moment theorem which, by means of t h e  gyroscopic 
apprximation, i s  expressed by t h e  well-known formula: 

The f i rs t  , or o s c i l l a t o r y ,  p r i n c i p l e ,  which 

The mainten- 

+ 
where 18 i s  t h e  k i n e t i $  moment of t h e  gyroscope, w i s  t h e  angular precession 
v e l o c i t y  of i t s  axis, C i s  t h e  ex terna l  coupling which i s  appl ied  t o  it. 

Let us i n s t a l l  a gyroscope of t h i s  kind on board our veh ic l e ,  subjec t  t o  
such l inkages  t h a t  it w i l l  accompany the  veh ic l e  i n  i t s  t r a n s l a t i o n a l  move- 
ment, bu t  w i l l  be e n t i r e l y  f r e e  i n  r o t a t i o n ,  disregarding t h e  a c t i o n  of a 
coupling -%, which+is con t ro l l ab le  and measurable. 
ad jus t  t h e  value c so t h a t  t h e  a x i s  of t h e  k i n e t i c  momznt remains a l igned  along 
a+fixed d i r e c t i o n  of t h e  vehic le .  The measurement of C and t h e  knowledge of 
Is2 w i l l  enable us t o  def ine ,  a t  every i n s t a n t ,  t h e  component of $e, normal t o  
t h a t  d i r e c t i o n .  A second experiment, involving a d i r e c t i o n  d i f f e r e n t  from 
t h e  first ( i n  p r a c t i c e ,  perpendicular ) ,  w i l l  conclude t h e  determinat ion of 
We i t s e l f .  The device thus  r e a l i z e d  cons t i t u t e s  a gyrometer. I n  a c t u a l  
p r a c t i c e ,  f o r  reasons of p rec i s ion ,  we w i l l  p r e f e r  t o  use gyrometers of a 
s i n g l e  degree of freedom, which m r n i s h  only one component of t h e  ve loc i ty  ze. 
Three gyrometers of t h i s  type ,  wi th  t h e i r  s e n s i t i v e  axes o r i e n t e d ,  respectively, ,  
along wi th  t h r e e  axes of t h e  moving t r i h e d r a l ,  w i l l  provide t h e  t h r e e  3, 

Let us at every i n s t a n t  

-+ 
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components along these  t h r e e  d i r e c t i o n s ,  and we s h a l l  be ab le  t o  a r r i v e  a t  t h e  
q u a n t i t i e s  which def ine  t h e  o r i e n t a t i o n  o f  t h e  t r i h e d r a l  by simple in t eg ra t ion .  

4.3 - / I 5  

There i s  another way of a t t ack ing  the  problem. Let us imagine t h a t  we 
p lace  on board a vehic le  a s o l i d  moving f r i c t i o n l e s s l y  about i t s  cen te r  of 
i n e r t i a ,  s i t u a t e d ,  a t  t h e  moment of  departure ,  i n  a known o r i e n t a t i o n  and 
without i n i t i a l  angular ve loc i ty .  This s o l i d  w i l l  preserve t h e  same or ien ta-  
t i o n  during t h e  e n t i r e  voyage. It w i l l  obviously so lve  t h e  problem of  angular 
naviga t ion ,  whether it i s  employed t o  determine t h e  o r i e n t a t i o n  of t h e  vehic le  
with respec t  t o  i t ,  or whether t h e r e  a r e  mounted on t h e  s o l i d  i t s e l f  l i n e a r  
accelerometers t o  furn ish  d i r e c t l y  t h e  acce lera t ion  components i n  t h e  f ixed  
axes. However, t h i s  procedure, although t h e o r e t i c a l l y  conceivable and 
occas iona l ly  proposed, would be  unacceptable i n  a c t u a l  p r a c t i c e  f o r  considera- 
t i o n s  of  accuracy. It i s ,  i n  f a c t ,  charac te r ized  by t h e  p ropor t iona l i t y  of 
t h e  second de r iva t ive  of t h e  angular parameters t o  t h e  coupling pe r tu rba t ion ,  
wi th  a l l  t h e  troublesome consequences tha t  t h i s  e n t a i l s .  Once acquired,  an 
angular v e l o c i t y  develops a d i so r i en ta t ion  which increases  with t ime,  even 
i f  t h e  per turb ing  coupling has disappeared; a constant source of pe r tu rba t ion  
i n  t h e  coupling produces a devia t ion  which increases  as  t h e  square of t h e  t ime. 
Inherent  i n  t h e  method are t h e  same defec ts  which a t t a c h  t o  t h e  measurement 
and i n t e g r a t i o n  of angular acce lera t ions .  

Let us rep lace  t h e  s o l i d  without i n i t i a l  ve loc i ty  by a s o l i d  which t h i s  
t ime i s  inves ted  with a very g rea t  ve loc i ty  of r o t a t i o n  about i t s  cen te r  of 
revolu t ion  and i s  l ikewise  suspended without f r i c t i o n  a t  i t s  i n e r t i a l  cen ter .  
We now have a f r e e  gyroscope. A f r e e  gyroscope moves only i n  t h e  d i r e c t i o n  
of i t s  k i n e t i c  moment, and i n  t h a t  d i r ec t ion  alone. It w i l l  thus  be necessary 
t o  supplement it with a second device,  of k i n e t i c  moment not p a r a l l e l  t o  t h e  
first (in p r a c t i c e ,  perpendicular ) ,  i n  order  t o  accomplish t h e  determination 
of  t h e  v e h i c l e ' s  o r i en ta t ion .  However, t h e  d i r e c t i o n  thus  ind ica t ed .  i s  
i n f i n i t e l y  less subjec t  t o  and af fec ted  by per turba t ions  than  i n  t h e  
preceeding case. Reasoning, for example, on t h e  bas i s  of a constant  per turb ing  
coupling, it i s  immediately evident from formula ( 6 )  t h a t  t h e  increase  i n  t h e  
devia t ion  as a funct ion of  t ime w i l l  be l i n e a r  and not pa rabo l i c ,  and t h a t  t h e  
absc i s sa  of t h e  i n t e r s e c t i o n  of t h e  s t r a i g h t  l i n e  and t h e  parabola  i s  given,  
f o r  equal  i n e r t i a ,  by L?t = 1. This i s  the  t ime,  extremely s h o r t ,  which t h e  
gyroscope requi res  t o  t u r n  one radian.  Thus, it i s  p r a c t i c a l l y  c e r t a i n ,  
cons ider ing  t h e  operat ing speeds a t t a inab le  by gyroscopes, t h a t  t h e  r a t i o  of 
t h e  devia t ions  i n  t h e  two cases , increasing l i n e a r l y  with t ime,  w i l l  a l ready 
be i n  t h e  order  of s eve ra l  thousandths of a second following t h e  app l i ca t ion  
of  t h e  per turb ing  couplings. Another consequence of formula ( 6 )  i s  obviously 
t h e  a r r e s t i n g  of t h e  devia t ion  when the  coupling per turba t ion  i s  suppressed. 
The measurement of previous angular v e l o c i t i e s  i s  cancelled.* 

*This cance l l a t ion  i s  of course only apparent and no ve loc i ty  d i scon t inu i ty  , 
which would v i o l a t e  t h e  p r inc ip l e s  of  mechanics, t akes  p lace .  
i n g  coupling i s  suppressed, t h e  movement of t h e  a r o s c o p e  axis does not dis-  
appear bu t  winds along a cone of imperceptible angle.  

When t h e  per turb-  
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The p r a c t i c a l  u n f e a s i b i l i t y  of providing an on-board platform - /16 
wi th  permane&- 
t h e  i n t e r e s t  which t h e  i n s t a l l a t i o n  o f  such a p la t form arouses.  What it does 
do i s  t o  demonstrate t h a t  permanence of o r i e n t a t i o n  must of necess i ty  be 
achieved through a follow-up monitoring system. The platform w i l l  have t o  
ca r ry  i t s  own o r i e n t a t i o n  re ference  instrumentation, f r e e  gyroscopes or gyro- 
meters. Poin ts  of a r t i c u l a t i o n  w i l l  be  motor-drive i n  order  t o  combat t h e  
angular devia t ions  - or angular v e l o c i t i e s  - de tec t ed  by t h e s e  instruments.  
I n s t a l l e d  on t h e  p la t form w i l l  be accelerometers t o  provide d i r e c t  readings of 
t h e  s e n s i b l e  acce le ra t ion  components i n  t h e  absolu te  axes. 

o r i e n t a t i o n  secured through i n e r t i a  alone does not negate 

4.4 

F i n a l l y ,  an i n e r t i a l  navigation system may be designed t o  employ one of 
two extreme concepts. The f i r s t  consis ts  i n  l i n k i n g  t h e  accelerometers t o  t h e  
moving t r i h e d r a l ,  whose o r i e n t a t i o n  i s  reconstructed e i t h e r  by i n t e g r a t i o n  of 
gyrometers a l s o  bound t o  t h e  moving t r i h e d r a l  o r  by re ference  t o  free gyro- 
scopes. 

The second method cons i s t s  i n  placing t h e  accelerometers on a s t a b i l i z e d  
p la t form,  whose permanent o r i en ta t ion  i s  assured by a phase-locked monitor- 
ing system based on t h e  readings of gyroscopes mounted on t h e  t a b l e .  A s  a 
v a r i a n t  approach, t h e  s t a b i l i z e d  platform may be  sub jec t  t o  laws of 
o r i e n t a t i o n  o the r  than  t h a t  of pa ra l l e l i sm t o  an absolu te  t r i h e d r a l ,  provided 
i t s  angular evolu t ion  remains slow and cont ro l led .  

The second system i s  t h e  one almost always employed. The f a c t  i s  t h a t  
it embodies considerable advantages. On t h e  one hand, computations a r e  
reduced t o  a minimum. On t h e  o t h e r ,  the angular-detect ion gyroscopic equip- 
ment func t ions  i n  a zone of very l o w  amplitude around zero - a circumstance 
e d n e n - t . 1 ~  favorable t o  i t s  prec is ion .  Conversely, t h i s  system i s  heavier  and 
of g r e a t e r  mechanical complexity. During t h e  planning s t ages  f o r  t n e  i n e r t i a l  
naviga t ion  equipment f o r  t h e  US "Apollo" lunar explora t ion  p r o j e c t  a compari- 
son of t h e  two systems w a s  thoroughly debated. The dec is ion  u l t ima te ly  
reached w i l l  p reserve  t h e  conventional control led-platform system as t h e  
primary equipment , backing it up wi th  an emergency u n i t  opera t ing  i n  axes 
bound t o  t h e  veh ic l e .  



4 : 5 .  

Whatever the system type adopted, gyroscopic instrumentat ion plays a b a s i c  
ro l e .  The design of high-precision gyroscopes is  one of the  ind ispensable  con- 
d i t i o n s  of  i n e r t i a l  navigat ion.  

I n  mechanical terms, t h e  art  of gyroscopy may be defined very simply: i t  
is  the  problem of applying to  a s o l i d  a s y s t e m  of forces  whose geometric sum is  / 1 7  
such as t o  ensure the "suspension" of the s o l i d  ( t h a t  i s ,  the t r a n s l a t i o n a l  co- 
movement of t h e  s o l i d  with and by the vehicle)  and whose r e s u l t a n t  moment with 
respec t  t o  the  cen te r  of i n e r t i a  of t h e  s o l i d  remains zero as r igorous ly  as 
poss ib le .  

- 

The u t i l i z a t i o n  of Newtonian fo rces ,  bound by na tu re  t o  t h e  mass, would 
be highly d e s i r a b l e ,  i f  i t  were poss ib le .  However, such fo rces  - except f o r  
t he  i n f i n i t e s i m a l l y  s m a l l  e f f e c t  t h a t  may be der ived from the  displacement of 
near-by masses.- are e s s e n t i a l l y  uncontrol lable .  It is  thus necessary t o  em- 
ploy force-generation phenomena having no n a t u r a l  bond t o  mass. Coupling 
n u l l i t y  can be achieved only by common reference t o  a p rec i se  geometric con- 
f i g u r a t i o n ,  t o  which are t i e d  i n  the  str ictest  poss ib l e  manner both the cen te r  
of i n e r t i a  and t h e  to r s iona l  stress. The f i r s t  condi t ion poses a metrologic  
problem of balancing,  common t o  a l l  gyroscopic techniques.  The second imposes 
t h e  need f o r  very careful se l ec t ion  of force-genera- phenomena. 

The u t i l i z a t i o n  of material bearings - t h a t  i s ,  the  involvement of contact  
forces  between machined s o l i d s  - w a s  the  f i r s t  gyroscopic suspension technique, 
i n  an e f f o r t  t o  minimize, through the use of b a l l  bear ings as pe r fec t  as poss- 
i b l e ,  t he  unfavorable e f f e c t  of f r i c t i o n ,  which w a s  t he  s p e c i f i c  l i a b i l i t y  of 
t h i s  approach. Important progress w a s  made wi th  the  appearance of t he  f l o a t i n g  
gyroscope, a technique foreshadowed by the gyroscopic compass of marine navi- 
ga t ion .  Suspension is  ensured by the  play of pressures  brought t o  bear  by a 
l i q u i d  on the geometric su r face  of reference.  
form, ( t h i s  always being the  case on a s t a b i l i z e d  platform),  i f  t h e  center  of 
i n e r t i a  of t h e  suspended m a s s  coincides  exac t ly  wi th  the  k e e l  cen te r ,  and 
f i n a l l y  i f  t he  mean densi ty  of t he  suspended body i s  equal  t o  t h a t  of t he  l i q -  
u id ,  t h e  torque of t he  pressures  on the  k e e l  automatical ly  ensures  the  t rans-  
l a t i o n a l  d r iv ing  o r  co-movement of t h e  f l o a t i n g  body without  t h e  need f o r  any 
coupling whatsoever. 
v a l i d a t e s  t h i s  conclusion , but  v i scos i ty  has  the  advantage over dry f r i c t i o n  
of cance l l i ng  i t s e l f  with ve loc i ty .  
l i q u i d  of  as low a v i scos i ty  as poss ib le ,  working about zero,  may make an ex- 
c e l l e n t  f r e e  gyroscope. Viscosi ty  has  the add i t iona l  advantage of  being cap- 
a b l e  of p r e c i s e  determination and of producing e f f e c t s  which are exac t ly  l i n e a r .  
A f l o a t i n g  gyroscope using a l i q u i d  of non-zero but  well-defined v i s c o s i t y  may 
fupc t ion  as an i n t e g r a t i n g  gyrometer with no ex te rna l  i n t e rven t ion  o r  as a 
gyrometer with one degree of freedom i f  fts movement is prevented by a con- 
t r o l l e d  coupling. 
t h e  use of  a s t a b i l i z e d  platform, s ince  t h e  i n t e g r a t i o n  of angular  ve loc i ty  
about an a x i s  cannot be explo i ted  unless t h i s  ax i s  has i t s e l f  a quasi-fixed 
d i r e c t i o n  (Fig.  2 ) .  

If t h e  apparent grav i ty  i s  uni- 

Any v i scos i ty  on the  p a r t  of t he  l i q u i d  obviously in-  

Thus, a f l o a t i n g  gyroscope u t i l i z i n g  a 

Proper operat ion as an i n t e g r a t i n g  gyrometer makes mandatory 
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Fig. 2.--IQ: k i n e t i c  moment; DA: angular  de- 
t e c t o r ;  GC: coupling generator;  T: t a b l e ;  
M: motor. 

The f l o a t i n g  gyroscope is at the  hear t  of  present-day i n e r t i a l  naviga t ion  
app l i ca t ions .  Other suspension techniques,  aimed a t  f u r t h e r  improving gyroscope 
performance, are i n  t h e  s tudy o r  development s t age .  The majori ty  of  t hese  tech- 
niques are based on the following idea.  
normal s u r f a c e  forces  and i f  w e  apply these forces  t o  a s p h e r i c a l  su r f ace ,  w e  
can be  c e r t a i n  of t he  ex is tence  of a r e s u l t a n t  passing through t h e  cen te r  of 
t he  sphere,  whatever may be  the  d i s t r i b u t i o n  of pressures  a t  t he  d i f f e r e n t  
po in t s  of t h e  sur face .  The normal forces  may be:  

I f  w e  are ab le  t o  s e t  t o  work s t r i c t l y  

- non-viscous f l u i d  pressures  i n  any movement, l ead ing  t o  the  concept 
of t h e  pneumatically suspended gyroscope; 

- e l e c t r o s t a t i c  ac t ions  on conductors. Here, the  corresponding v a r i a n t  
is  the  e l e c t r o s t a t i c a l l y  suspended gyroscope. This type of suspension 
is s u i t a b l e  only f o r  moderate apparent g rav i ty  and requi res  some s o r t  
of monitoring system (due t o  t h e  absence of a n a t u r a l  equi l ibr ium, 
which is  incompatible with the  proper t ies  of an e l e c t r o s t a t i c  f i e l d ) ;  

- electromagnet ic  ac t ions .  However, t h e  reduct ion of such ac t ions  t o  
normal su r face  forces  i s  automatic only by means of a conductor com- 
p l e t e l y  devoid of r e s i s t i v i t y ,  involving recourse t o  superconduct ivi ty ,  
w i th  a l l  t h e  technological  complications which t h a t  e n t a i l s .  I n  com- 
pensat ion,  n a t u r a l  s t a b i l i t y  f o r  the  suspended body is acquired. 

Whatever t h e  suspension technique employed, t h e  problem of t h e  cen te r ing  
co r rec t ion  r e t a i n s  the  same high degree of importance. A s t r u c t u r a l  imbalance 
w i l l  l e a d  t o  devia t ions  which are proport ional  t o  t h e  s e n s i b l e  acce le ra t ion .  
An imbalance due t o  deformation of t he  moving apparatus  under load  r e s u l t s  i n  
e r r o r s  propor t iona l  t o  the  square of the acce le ra t ion .  However, t h i s  e f f e c t  
can be  avoided i f  t he  condi t ion of i s o e l a s t i c i t y  is  f u l f i l l e d .  The e las t ic  
displacement of t he  cen te r  of i n e r t i a  then takes  p lace  i n  the  same d i r e c t i o n  , 

as t h e  r e s u l t a n t  of t h e  torque and a l l  coupling is consequently e l iminated.  
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4 . 6 .  /19 

Comparing the  p rope r t i e s  of angular  and l i n e a r  naviga t ion ,  two e s s e n t i a l  
d i f f e rences  are evident :  

- on t h e  one hand, angular  v e l o c i t i e s  are measurable by i n t e r n a l  experi-  
ments, while  i t  is only the  l i n e a r  acce le ra t ions  t h a t  have t h i s  
capab i l i t y .  Thus , the  necessary preliminary s t a g e  of angular  naviga- 
t i o n  involves  only a s i n g l e  addi t iona l  i n t e g r a t i o n ,  and no t  two, and 
t h e  e n t i r e  endonavigation problem is one of t he  t h i r d  order ;  

- on t h e  o the r  hand, t he re  is t h e  p o s s i b i l i t y  i n  p r i n c i p l e ,  i n  t he  case 
of angular  naviga t ion  , of avoiding a l l  measurements and i n t e g r a t i o n  
through the  device of a re ference  frame p a r a l l e l  t o  t he  absolu te  re- 
fe rence  frame which, i f  s o  des i red ,  can be viewed as a p e r f e c t  mechan- 
i c a l  i n t e g r a t o r  of v e l o c i t i e s  o r  acce lera t ions .  I f  the  same opera t ion  
w e r e  t o  be attempted i n  the  case of l i n e a r  naviga t ion ,  i t  would be  
necessary t o  f r e e  the  test mass whose funct ion w e  have s t i p u l a t e d  as 
t h a t  of following the  movement of t h e  vehic le .  This free mass would 
c o n s t i t u t e  a pe r fec t  acce le ra t ion  i n t e g r a t o r .  However, t h i s  procedure 
is  n o t  acceptable  because t h e  mass would leave  the  veh ic l e  and t h e  
determinat ion of i t s  coordinates  would not  be an i n t e r n a l  operat ion.  
One might j u s t  as w e l l ,  therefore ,  t ake  d i r e c t  readings of  t h e  char- 
acter is t ic  po in t s  of t h e  f ixed  t r i h e d r a l .  However, t h e r e  is  one i m -  
po r t an t  exception. I f  t he  t r a j ec to ry  which w e  are seeking t o  impose 
on t h e  vehic le  i s  one of f r e e  f a l l ,  t h a t  is  an o r b i t  of t he  grav i ta -  
t i o n a l  f i e l d  i n  which i t  i s  navigat ing,  the  s e n s i b l e  acce le ra t ion  must 
b e  zero  a t  every i n s t a n t .  
sured  by f r ee ing  the  test m a s s  and maneuvering the  craft i n  such 
ways as t o  maintain t h i s  mass i n  a state of  re la t ive rest. I n  t h i s  
way, guidance of a very high order  of accuracy is achieved, thanks t o  
t h e  f e a s i b i l i t y  of a r e l a t i v e  navigat ion providing d i rec t  access t o  
t h e  discrepancies  between the  effective t r a j e c t o r y  and t h e  des i r ed  
t r a j e c t o r y ,  which can, by way of except ion,  be r ea l i zed .  A classical 
example of t he  employment of t h i s  method can be seen i n  t h e  case of 
c e r t a i n  a i rcraf t  e spec ia l ly  designed f o r  the  experimental  study of  
weight lessness ,  which are maneuvered by the  p i l o t  i n  t h e  manner de- 
s c r ibed  above, us ing  s simple ping-pong b a l l  as a tes t  m a s s .  The method 
has  a l s o  been explo i ted  i n  a US program aimed a t  achieving,  f o r  research 
purposes , sa te l l i t e  t r a j e c t o r i e s  t o t a l l y  f r e e  of any non-gravi ta t ional  
Per turba t ion .  

I n  p r inc ip l e ,  guidance can be  d i r e c t l y  en- 

4.7. 

I t  might be w e l l  a t  t h i s  po in t  t o  examine the  e f f e c t  which the  e r r o r s  of 
angular  naviga t ion  are l i k e l y  t o  exe r t  on t h e  prec is ion  of t h e  o v e r a l l  navi- 

' g a t i o n a l  process.  

Regardless of t he  s p e c i f i c  modal i t ies  underlying the  app l i ca t ion  of t h i s  
form of naviga t ion ,  i t  w i l l  be charac te r ized  by an angular  ve loc i ty  vec tor  
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e r r o r ,  t h e  e f f e c t  of which on t h e  o r i en ta t ion  parameters w i l l  be more o r  less 
cumulative. The r e s u l t  w i l l  be increas ing  e r r o r s  f o r  t h e  acce le ra t ion  compo- 
n e n t s ,  which w i l l  produce increas ing  e r r o r s  i n  navigat ion,  even when w e  have 
determined t h a t  such navigat ion i s  s t a b l e .  > 

:I 
.- 

I n  v i e w  of t he  obl iga tory  devia t ion  introduced by i n e r t i a l  angular  naviga- 
t i o n ,  t h e r e  is  consequently no such th ing  as str ict  endonavigation exempt from 
s e c u l a r  e r r o r s .  Natura l ly ,  however, i n  cases i n  which the  naviga t ion  i s  s t a b l e ,  
t he  inc rease  of t he  e r r o r s  w i l l  be f a r  slower. A constant e r r o r  i n  an angular  
ve loc i ty  term is r e f l e c t e d  i n  t h i s  case i n  a l i n e a r  i nc rease  of t he  p o s i t i o n  
e r r o r .  

I f  t h e  reference t r i h e d r a l  (mater ia l ized o r  n o t ) ,  which i s  supposed t o  re- 
main p a r a l l e l  t o  the  absolu te  t r i h e d r a l ,  has turned by the  s m a l l  r o t a t i o n  vector  
8, r e s u l t i n g  from a f l u c t u a t i n g  e r r o r  62 i n  the  angular  ve loc i ty  vec to r ,  w e  have 
E = I 6 z d t .  

With 6y t h e  instrument e r r o r  with respect  t o  ;$, t he  e r r o r  equat ion i s  0 w r i t  t e n  : 

+ + + +  
(7) 

d26; - 
- - m g 6 r = 6 y  - C A Y .  d t 2  0 

It i s  poss ib l e  t o  e s t a b l i s h  an fn te re s t ing  general  property with respec t  
t o  the  r e c o n s t i t u t i o n  of t h e  local g vector .+ The e r r o r  f o r  g' inc ludes  an e r r o r  
i n  computation f o r  the  absolu te  components 6g and a supplementary e r r o r  c o w  
mi t ted  by the  naviga tor  i n  t r a n s f e r i n g  these components onto deviated axes. We 
der ive  d i r e c t l y  from Eq. ( 3 ) :  

1 

t 

and 

The f i r s t  t e r m  a lone coiltsrins a secular p a r t ,  on the  f u r t h e r  suppos i t ion  t h a t  

d2' has a mean va lue  of zero o r  d; - i nc reases  i n d e f i n i t e l y .  I n  many cases, when - 
i s  small with respec t  t o  z, E q .  (8), p r a c t i c a l l y  speaki2g, ensures  f o r  6g a very /21 
s m a l l  value.  
i n  space from the  t r u e  grav i ty  vec tor .  

+ d t  dt2 

The naviga tor  then recons t ruc ts  a vec tor  g which varies very l i t t l e  

5 .  Navigation i n  Bound Movements 

Following the  d e f i n i t i o n  of  t h e  term i n  mechanics, by bound movement w e  
understand a case i n  which the  moving object  is compelled t o  remain on a cunve 
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o r  su r face ,  e i t h e r  n a t u r a l l y  because of a bond o r  a r t i f i c a l l y  because of  a sys- 
t e m  of naviga t ion  which does not  c a l l  upon i n e r t i a l  procedures. The f i r s t  case 
Ys i l l u s t r a t e d  by a s h i p ;  t he  second by an a i r c r a f t  which maintains i t s  a l t i -  
tude with the  help of  an altimeter, o r  a submarine. 

5.1. 

L e t  us f i r s t  consider  navigat ion on a known curve (Fig.  3 ) .  

Fig. 3 

The nav iga t iona l  computation w i l l  cons is t  i n  i d e n t i f y i n g  t h e  t a n g e n t i a l  
d2 s 
d t2  

a c c e l e r a t i o n  a t  -; whence t h e  equation: 

+ +  + + 
* T  - d2s = Y . T  + g 

d t2  
-+ 

where T is the  u n i t  vec tor  of t he  tangent ,  a known funct ion  of s .  

-+ 

Y which causes the  e r r o r  6 s  f o r  s. W e  have: 
L e t  us tu rn  t o  a considerat ion of the s t a b i l i t y .  L e t  6; be the  e r r o r  f o r  

- 122 

-* 
Is -c * d s  - c +  -+= * 

612 d 2 -  = (y + g) + r8y + T grad g 78s 

3 - t  
-t , R being the  rad ius  of the curve NOW, - = - and n the  u n i t  vec tor  of t he  dT n 

ds  R 
p r i n c i p a l  normal. 

On t h e  o t h e r  hand: 

whence : 
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I f  t h e  ve loc i ty  is s m a l l ,  the  s t a b i l i t y  c r i t e r i o n  is  t h e  same as i n  recti- 
l i n e a r  unidimensional navigat ion.  However, t h e  ve loc i ty  exerc ises  a des t ab i l i z -  
i n g  inf luence .  The condi t ion of s t a b i l i t y  is wr i t t en :  

*= + + + 
T grad g T is t h e  grad ien t  of g i n  t h e  d i r e c t i o n  of T .  

t h e  tangent  t o  t h e  curve. 
from s of the  t angen t i a l  component g T of t h e  grav i ty  ( a t  t h e  su r face  
of t h e  Ear th  the  f i r s t  quant i ty  equals  f i ;  t he  second - zero) .  

It depends only on 
It must n o t  be+confused with the  d e r i v a t i v e  from 

5.2. 

L e t  us  consider  navigat ion on a surface.  The general  problem i s  q u i t e  com- 
p l i ca t ed .  I n  a simple case, when t h e  movements are slow and hence the  ac- 
c e l e r a t i o n  normal t o  t h e  su r face  is  small 
navigat ion about a poin t  can be l ikened  t o  t he  s tudy of navigat ion i n  t h e  tan- 
gent plane.  It i s  the re fo re  t h e  s t r u c t u r e  of  t h e  g rav i ty  grad ien t  i n  the  tan- 
gent plane t h a t  is  dec is ive  i n  terms of s t a b i l i t y .  

t h e  s tudy of t he  s t a b i l i t y  of 

I f  t h e  su r face  i s  a l e v e l  su r f ace  of t h e  g rav i ty  f i e l d  and i f  i t  is  convex 
l i k e  t h e  terrestrial geoid,  s t a b i l i t y  of l i n e a r  navigat ion is  everywhere ensured. 
I f  t h e  angular  navigat ion i s  i n e r t i a l ,  the devia t ion  of the  angular  re ference  
frame comprises t h e  s t a b i l i t y ,  as we have a l ready  had occasion t o  note .  

6. Navigation with a Non-Galilean Reference /23 
6.1. 

It may be  des i r ab le  t o  naviga te  with a non-Galilean frame of 
re ference  - t he  Ea r th ,  f o r  example, whose absolu te  movement is  i t s e l f  known. 
It i s  always poss ib le ,  i n  t h i s  case, t o  begin by f i x i n g  the  pos i t i on  of t he  
moving body with respec t  t o  a Gal i lean mark wi th  a subsequent change of re- 
fe rence  by means of a simple transformation of coordinates .  However, t h i s  method 
may be  de t r imenta l  t o  t h e  accuracy of the ca l cu la t ions ,  p a r t i c u l a r l y  i n  a case 
i n  which t h e  r e l a t i v e  displacement of i n t e r e s t  t o  t he  navigator  i s  s m a l l  i n  am- 
p l i t u d e  wi th  respec t  t o  the  absolu te  and d r iv ing  displacements,  of which i t  con- 
s t i t u t e s  t h e  d i f fe rence .  

It may be p re fe rab le  i n  t h i s  case (and t h e r e  i s  no impediment) t o  base 
the  nav iga t iona l  computation on 
r e f e r  t o  as t h e  navigat ion reference.  Quite  c l e a r l y ,  a l l  t h a t  i s  required is  t o  
s u b s t i t u t e ,  i n  Eq. ( 4 ) ,  the  Newtonian a t t r a c t i o n  f o r  the  apparent g rav i ty  i n  
t h i s  system. The equation t o  be solved w i l l  then be  t h e  following: 

t -he  dr iven re ference  , which w e  s h a l l  
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, 

+ + - b  -% The s ta t ic  apparent S rav i ty  ga = g - g, is  a well-defined func t ion  of  r 
(poss ib ly  of  t i m e  a l s o ) ;  w e ,  t he  d r iv ing  ro t a t ion ,  may a l s o  be a func t ion  of 
t i m e .  However, i f  t h e  movement of t he  navigat ion re ference  is a constant  ro- 
t a t i o n  about a po in t  i n  uniform movement ( the  case of t h e  Earth with good 
approximation),  t i m e  does not  f i g u r e  i n  the f i r s t  member. 

There are several precaut ions t o  b e  taken with regard t o  angular  naviga- 
t i on .  I f  gyroscopes are employed which are bound t o  t h e  axes of t he  v e h i c l e  
t h e  relative r o t a t i o n  ve loc i ty  of t h e  instrument m u s t  be ca l cu la t ed  by t h e  
d i f f e rence  between the  absolu te  measured r o t a t i o n  ve loc i ty  and the  d r i v e  ro- 
t a t i o n  ve loc i ty  which is  known a p r i o r i ,  with subsequent i n t e g r a t i o n  i n  o rde r  
t o  determine t h e  o r i e n t a t i o n  of  t he  vehicle  with respec t  t o  t h e  navigat ion re- 
f erence . 

I f  a p la t form is  used, i t  i s  essential t o  maintain i t  p a r a l l e l  t o  t he  navi- 
ga t ion  re ference ,  i n  o rde r  t o  measure d i r e c t l y  the acce le ra t ions  by t h e i r  com- 
ponents i n  the  ca l cu la t ion  axes. There w i l l  be imparted t o  the  platform t h e  
d r ive  r o t a t i o n  ve loc i ty  2 thanks t o  t h e  coupling motors with which the  gyro- 
scopes are equipped. The platform can be readjus ted  with respec t  t o  stars of 
known d i r e c t i o n s  a t  every i n s t a n t  i n  t h e  naviga t ion  re ference .  

e 

It is of i n t e r e s t  t o  examine t h e  case of grav imet r ic  navigat ion with a 

0 gives: 
non-Galilean reference.  The r e l a t i v e  r e s t  charac te r ized  by pg 

+ + d t  
- =  

- g a =  Y. 
+ 

The measurement of y thus def ines  a po in t  of t h e  re ference  with which the  /24 
veh ic l e  coincides .  It is  s t i l l  necessary,  of course,  t o  know the o r i e n t a t i o n  
with r e spec t  t o  t h e  vehic le  of t h e  navigat ion re ference ,  o r  t o  have a platform 
which i s  p a r a l l e l  t o  the  axes of t h i s  reference.  

It might be noted,  however, t h a t  even should re ference  t o  the  navigat ion 
mark be  l o s t ,  tlseful information can s t i l l  be obtained i f  one assumes 
t h a t  i t  i s  poss ib l e  t o  achieve r e l a t i v e  angular  rest of t he  vehic le  ( o r  of t he  
platform) with respec t  t o  the  navigation re ference  frame. 
ve loc i ty  of t h e  veh ic l e ,  which can always b e  measured, is then i d e n t i f i e d  with 
t h e  r o t a t i o n  ve loc i ty  i?ie of t h e  navigat ion reference.  
measure i n  t h e  axes of the vehic le  both ze and da. 
position 
of  t h e  angle  formed by these two d i r ec t ions .  

The absolu te  angular  

It i s  thus poss ib l e  t o  
One is thus a b l e  t o  find one is 

a t  po in t s  i n  the  naviga t ion  reference charac te r ized  by a given value 

These p r i n c i p l e s ,  appl ied t o  navigat ion on the  s u r f a c e  of t h e  globe,  l ead  
t o  methods which have been known and i n  use f o r  a long t i m e :  

- determinat ion of l a t i t u d e  and longi tude by f i x i n g  
a t  a preciselyknown hour;  

- the  p o s s i b i l i t y  , by a purely i n e r t i a l  experiment , 
d i r e c t i o n  of  the  pole  with respect t o  the  axes of 
o r  of  t h e  l o c a l  axes bound t o  the re ference  ( t h i s  
t h e  gyroscopic compass) ; 

t h e  l o c a l  ver t ical  

of determining the 
a veh ic l e  a t  rest , 
being t h e  purpose of 
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- determination of l a t i t u d e  by an i n e r t i a l  experiment, l a t i t u d e  being by 
d e f i n i t i o n  the  compliment of t he  angle formed ku the  apparent grav i ty  
and t h e  l i n e  of t h e  po le s ,  t h a t  i s  the  vector  we .  

The gyroscopic compass has long been i n  use a t  sea. On the  cont ra ry ,  t h e  

widespreadJt  is  easy t o  see t h a t  l a t i t u d e  determination is  i n  f a c t  more d i f f i -  
determinat ion of l a t i t u d e  by means of the p rope r t i e s  of t h e  gyroscope i s  not  

c u l t  than t h e  determination of course,  s o  much s o ,  indeed, t h a t  f o r  a long  t i m e  
t h e  technique has been he ld  t o  be  utopian. I f  w e  concede t h a t  t h e  e s s e n t i a l  
pe r tu rba t ions  i n  a gyroscope are t h e  result of  center ing  d e f e c t s ,  i t  w i l l  be  
recognized t h a t  t he  per turb ing  couplings have axes which are e s s e n t i a l l y  hor i -  
zonta l .  I n  gyrometry experimentation, therefore ,  i t  i s  always of  advantage 
t o  employ ver t ical  cont ro l  couplings. While t h i s  is  poss ib l e  i n  the  measure- 
ment of  a ho r i zon ta l  angular  v e l o c i t y ,  i t  is  impossible i n  t h e  measurement of 
a v e r t i c a l  angular v e l o c i t y ,  f o r  t h e  reason t h a t  t he  c o n t r o l  coupling and the  
component of t h e  measured+angular ve loc i ty  are necessa r i ly  orthogonal.  The 
ho r i zon ta l  components of we ,  whose r a t i o  determines t h e  course heading, are 
the re fo re  b e t t e r  known than t h e  v e r t i c a l  component, which i s  requi red  f o r  l a t i -  
tude de terminat  ion .  

7. I n e r t i a l  Navigation Applications 

Bal l i s t ic  Missile Applicat ions 

Having examined the  fundamental p r inc ip l e s  of i n e r t i a l  naviga t ion ,  l e t  us 
b r i e f l y  review i t s  d i f f e r e n t  areas of appl ica t ion ,  beginning wi th  the  case of 
t he  b a l l i s t i c  missile. 

W e  have seen t h a t  three-dimensional i n e r t i a l  navigat ion is  always sub jec t  
t o  i n s t a b i l i t y  and must t he re fo re  be l imi ted  t o  very b r i e f  i n t e r v a l s  of t i m e .  
The passage through the  atmosphere o f f e r s  , i n  p a r t i c u l a r ,  an opportuni ty  
favorable  t o  the  use of t h i s  method. The optimal s t i u a t i o n  c a l l e d  f o r  by 
economy of propuls ion as w e l l  as thermal and mechanical s t r u c t u r a l  r e s i s t a n c e  
l eads  t o  acce le ra t ions  i n  the  order  of  100 m/sec2 a c t i n g  during a per iod  of 
t i m e  i n  t h e  o rde r  of one minute. Thereaf ter ,  t he  m i s s i l e  i s  loca ted  i n  a vac- 
uum and is  sub jec t  only t o  the  f o r c e  of gravi ty .  I n e r t i a l  naviga t ion  re- 
s t r i c t e d  merely t o  t h e  v e r i f i c a t i o n  tha t  7 = 0 i s  evident ly  of l i t t l e  use dur- 
i n g  t h i s  per iod.  I ts  r o l e  cons i s t s  i n  furn ish ing ,  a t  t he  terminat ion of t h e  
powered-flight s t a g e ,  the  i n i t i a l  conditions which w i l l  permit t h e  ca l cu la t ion  
of  t h e  subsequent Keplerian t r a j e c t o r y .  Among these  i n i t i a l  condi t ions , veloc- 
i t y  i s  of g r e a t e r  importance than pos i t ion ,  t h i s  f a c t  being an a i d  t o  accuracy, 
s i n c e  ve loc i ty  is obtained through a simple in t eg ra t ion .  

(25 

Inasmuch as the  opera t ing  t i m e  i s  s m a l l  wi th  respec t  t o  t h e  84-minute 
per iod which cha rac t e r i zes  s t a b i l i t y  i n  the  ho r i zon ta l  sense ,  as w e l l  as with 
respec t  t o  the  t i m e  cons tan t ,  of the  same order  of magnitude, which descr ibes  
t h e  i n s t a b i l i t y  i n  the  v e r t i c a l  sense ,  n e i t h e r  t h i s  s t a b i l i t y  nor  t h i s  i n s t a -  
b i l i t y  p lay  any q r a c t i c a l  r o l e ,  t h e  e r ro r s  being those which r e s u l t  from the  
i n t e g r a t i o n  of 6y. 
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i n s t a l l a t ion  
The i n e r t i a l  / platform can be kept p a r a l l e l  t o  t h e  absolu te  axes ,  i f  i t  

i s  p re fe r r ed  t o  car ry  ou t  the  computations i n  these  axes. The platform may a l s o  
follow, i n  the  d iu rna l  movementafthe Earth-bound axes with which i t  coincided 
a t  t he  moment of launching. 
obviously poses a d i f f i c u l t  problem, a l l  the more i f  t he  missile i s  f i r e d  from 
a su r face  vessel o r  submarine. 

The i n i t i a l  p rec is ion  adjustment of t h e  p la t form 

An eventua l  resumption of i n e r t i a l  navigat ion during re-entry i n t o  t h e  at- 
mosphere has  been .occasionally discussed. The p r i n c i p a l  d i f f i c u l t y  i n  t h i s  
connection der ives  from the  a t t i t u d e  of  the platform, which cont inues t o  dev ia t e  
during t h e  entire Kepler ian f l i g h t .  
atmosphere would be highly des i r ab le .  

S t e l l a r  r e c a l i b r a t i o n  before  

8. Horizontal  Navigation Applicat ions 

8.1. 

This app l i ca t ion  pe r t a ins  t o  the  navigat ion of a ship, aircm'af$, o r  subrriarine which 
must fol low,  s t r i c t l y  o r  approximately, the terrestrial geoid, 

with the  d i s t ance  t o  t h e  geoid, i f  i t  i s  not  automatical ly  zero,  
measured non- iner t ia l ly .  

The problem thus concerns a case of surface-bound navigat ion.  To s impli-  /26 
f y  matters, l e t  us l i m i t  ourselves  t o  the s tudy of navigat ion on a g rea t  c i rc le  
arc ,  imagining the  Earth t o  be sphe r i ca l  and, f o r  t h e  t i m e  being,  motionless 
(Fig.  4 ) .  

+ Since t h e  t angen t i a l  component of g is zero,  
the naviga t iona l  computation i s  reduced t o  

d t2  
ce l e ra t ion ) .  
measure a l l  t h e  components of y i n  an a r b i t r a r y  
system, a s t a b i l i z e d  platform f o r  example, and 
p ro jec t  them on t h e  tangent t o  t h e  circle. It i s  
obviously s impler  t o  e l imina te  the  measurement of  
the v e r t i c a l  component of y ,  s i n c e  i t  need n o t  

d2, + + + + - -  - Y e T (-I' - 7 is the sens ib l e  ho r i zon ta l  ac- 
+ +  To ob ta in  y T,+we could of course 

-f 

Fig. 4 

+ +  
s e t t i n g  y = Y T ,  and 
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concern us a t  a l l .  
only two accelerometers (one i n  the  plane problem) 
c a r r i e d  by a platform which must obviously be  
maintained r igorously p a r a l l e l  t o  t he  l o c a l  hor i -  
zontal  plane. I f  t h i s  condi t ion is  f u l f i l l e d  a t  
departure ,  i t  w i l l  be preserved,  provided t h e r e  
is imparted t o  t h e  platform an angular  ve loc i ty  
such t h a t :  

This br ings  us t o  the  use of 

1 ds 1 d 
w = - - - - - -  

d t  R d t  R - /Y d t  - 

being t h e  meridian arc corresponding t o  arc s. 



This  opera t ion  can be  c a r r i e d  out by a one-time i n t e g r a t i o n  of t h e  accele- 
r a t i o n  measured on the  platform,  by ca l cu la t ing  w by the  formula given above, 

’and by impart ing t o  agyromete r  mounted on t h e  platform t h e  precession v e l o c i t y  
w, thanks t o  the  use of an appropr ia te  precession coupling. Since t h e  p la t form 
is phase-locked t o  the  moving gyrometer housing, the  angular  ve loc i ty  w is  cer- 
t .a in  t o  be  imparted t o  the  platform & s e l f .  

This procedure thus provides a means of determining the  l o c a l  ver t ical .  /27 
The naviga t ion  problem can now be  resolved: 

- e i t h e r  by determining t h i s  v e r t i c a l  wi th  respec t  t o  the  stars,  i f  they 
are observable ; 

- o r  by i n s t a l l i n g  on board the  vehic le  a supplementary platform,  s t a b i -  
l i z e d  i n  absolu te  space,  perpetuat ing t h e  i n i t i a l  o r i e n t a t i o n  of t h e  
f o r s  t p l a t  form; 

- o r  by i n t e g r a t i n g  the  r o t a t i o n  ve loc i ty  w measured by t h e  gyrometer, o r  
by re-integrating t h e  acce le ra t ion  y measured by t h e  accele- 
rometer. 

The last two methods, which respec t  t h e  p r i n c i p l e  of endonavigation, are 
fundamentally equiva len t ;  both introduce an e r r o r  which increases  wi th  t i m e .  

8 . 2 .  

L e t  us now consider  t h e  accuracy of t he  operat ion.  The system w i l l  not  be 
pe r fec t  unless  t h e  platform w a s  hor izonta l  and without angular ve loc i ty  at 
launch,  and unless  t he  measurements were r igorous.  I n  poin t  of f a c t ,  t h e  t a b l e  
w i l l  make a s m a l l  angle c1 with the  v e r t i c a l  (Fig.  4 ) .  The accelerometer ,  in-  
s t e a d  of s t r i c t l y  measuring the  hor izonta l  acce le ra t ion  of t he  moving veh ic l e  , 
i s  a l s o  s e n s i t i v e  t o  the  v e r t i c a l  reac t ion  component, following the piatforni,  
which ensures  t h a t  t h e  movement w i l l  be c i r c u l a r .  
thus has  t h e  value:  

The measured acce le ra t ion  y* 

Y * = Y - . [ g - - ( ( ; i i ) ] + 8 Y  d e  9 

and t h e  measured angular  ve loc i ty  w* i s  w r i t t e n :  

w* = w + 6 0 .  

I n  these  formulas, 6y and 6 w  represent  t h e  instrument e r r o r s  due t o  t h e  
accelerometer  and the  gyrometer. 

Rela t ion  (9)  ev ident ly  app l i e s  t o  the measured parameters, whence: 
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I n t e g r a t i n g  once and bear ing  i n  mind tha t :  

w e  ob ta in  d2 0 
y = R -  

d t 2  

This formula permits t h e  ca l cu la t ion  of platform e r r o r  * . I n  the  absence 
of instrument e r r o r s  i n  t h e  measurement of Y and W ,  i t  w i l l  be seen t h a t  t h e  
p la t form o s c i l l a t e s  wi th  a pe r iod ic i ty  defined by the pu l sa t ion  

do is p r a c t i c a l l y  n e g l i g i b l e  wi th  respec t  /28 (dt' For the low speeds of s h i p s ,  

The period i s  then approximately 84 minutes. R' t o  

It can be  very e a s i l y  demonstrated t h a t  a pendulum designed t o  have an 84- 
minute per iod  a t  rest (Schuler pendulum) provides a pe r fec t  replacement f o r  t h e  
con t ro l l ed  platform. When i ts  poin t  of a r t i c u l a t i o n  is  s h i f t e d ,  i t  func t ions  
as an exact mechanical i n t e g r a t o r  of the  i n e r t i a l  naviga t ion  equation. I n  act- 
ua l  p r a c t i c e ,  such a pendulum i s  not  f e a s i b l e ,  s i n c e  i t  would r equ i r e  a suspen- 
s i o n  no t  poss ib l e  a t  t h e  present-day s t a t e  of t h e  a r t .  

The r o l e  of  t he  instrument e r r o r s  is t o  e x c i t e  the  platform o s c i l l a t i o n s  
a t  the  Sculer  frequency - o s c i l l a t i o n s  which e x i s t  even when such e r r o r s  are 

d a  
d t  absent ,  un less  t he  i n i t i a l  condi t ions ci = 0 ,  - = 0 are s t r i c t l y  m e t .  

L e t  us now consider t he  navigat ion e r r o r  60. The value of 0 provided by 
t h e  instrument ,  o r  O*, may be ca lcu la ted  by i n t e g r a t i n g  u* o r  

1 z*dt.  The equa l i ty  of these  two q u a n t i t i e s  is ensured by d e f i n i t i o n ,  and thus 

t h e  va lues  found f o r  O* w i l l  ev ident ly  be  i d e n t i c a l .  Take, f o r  example: 

r j * = j , * d t = e +  s 8 o d t + a .  

This gives:  
, 

* The f a c t  t h a t  a is devoid of  secular  e r r o r  is  a consequence of Eq. (8) , which 
i n d i c a t e s  t h a t  t he  e r r o r  i n  vector  $ does not  a f f e c t  i t s  d i r e c t i o n .  This pro- 
p e r t y  i s  not s t r i c t l y  genera l izable  to  bidimensional naviga t ion ,  s i n c e  t h e  
l a t t e r  introduces a v e r t i c a l  component of z. 
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whence, by s u b s t i t u t i n g  i n  Eq. ( 9 ) :  

I 
4 - 8 0 .  

This equat ion does not  d i f f e r  from t h a t  provided by the  general  theory of 
navigat ion on a curve. 
component of  t he  t o t a l  e r r o r  committed i n  the  measurement of t he  acce lera t ion .  
Had w e  measured by comparing t h e  o r i en ta t ion  of t h e  moving p la t form with t h a t  
of a platform ma te r i a l i z ing  the  abso lu te  axes,  w e  might a l s o  have wr i t t en :  

The second member p re sen t s ,  i n  f a c t ,  t h e  t a n g e n t i a l  

6w being t h e  e r r o r  of t he  gyrometer used t o  cont ro l  the  permanence of the  
o r i e n t a t i o n  of t h e  second platform. Eq. (11) remains co r rec tghe  angle  

/29 

being now i n t e r p r e t e d  as the angle  caused by t h e  devia t ion  of t h e  second p l a t -  
form. 

8 . 3 .  

This  s impl i f i ed  study has c a s t  some l i g h t  on the  p r i n c i p a l  p rope r t i e s  of 
ho r i zon ta l  i n e r t i a l  navigat ion.  These proper t ies  may be  summarized as follows: 

1. 
f o r  t h e  determinat ion,  without s e c u l a r  e r r o r ,  of t h e  v e r t i c a l .  
number of E q .  (10) contains  only quan t i t i e s  of mean zero value.  

S t a b i l i t y  i s  ensured i n  t h e  sense t h a t  t he re  i s  a v a i l a b l e  a platform 
The second 

2. I f  i t  is  impossible t o  f i x  the v e r t i c a l  thus 
the  stars, a s e c u l a r  e r r o r  f o r  pos i t i on  is introduced 
t h e  e r r o r s  6 w .  

3. The accuracy of t h e  opera t ion  is exac t ly  the  
by an i n t e g r a t i o n  of  w o r  by a new in t eg ra t ion  of y .  
racy is  a f f e c t e d  by the  e r r o r s  i n  the  two parameters. 

marked with respec t  t o  
through accumulation of 

same, whether one proceeds 
I n  both cases, t h e  accu- 
An attempt might be made 

t o  judge t h e  two methods by introducing t h e  platform con t ro l  e r r o r s ,  thus  in-  
v a l i d a t i n g  t h e  exac t i tude  of Eq., (11). It is found t h a t  t h e  in t roduc t ion  of a 
con t ro l  t i m e  cons tan t ,  f o r  example, does 'not permit a un ive r sa l  choice between 
t h e  two procedures,  s i n c e  t h e i r  comparison depends on t h e  l a w  of movement. 

L e t  us emphasize t h i s  somewhat cont rovers ia l  po in t .  Horizontal  i n e r t i a l  
naviga t ion  can be presented under two forms which appear q u i t e  d i f f e r e n t .  
some i n v e s t i g a t o r s ,  t h e  p o s i t i o n  is determined by double i n t e g r a t i o n  of the  
acce le ra t ions  with the  proper movement imparted t o  t h e  accelerometer support  
t a b l e  i n  order  t o  ensure t h a t  t hese  accelerometers opera te  i n  the  proper axes. 
For o t h e r s ,  a pe r fec t  v e r t i c a l  i s  f i r s t  achieved by i n s e n s i t i z i n g  a pendulum 
t o  a c c e l e r a t i o n s ,  with the  pos i t i on  then ca lcu la ted  on the  bas i s  of t he  angle  

For 
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* 
formed by t h i s  ver t ica l  as i t  tu rns  . I n  f a c t ,  t h e  d i f f e rence  between these  
two presenta t ions  (each of which is cor rec t  and each of which has i t s  own did- 
a c t i c  value)  is  a purely semantic one. 
equat ions and t o  the  s a m e  instrumentat ion,  even i f  t he re  i s  a d i f f e rence  i n  
t h e  execut ion of  t h e  f i n a l  i n t e g r a t i o n  which, as w e  have j u s t  seen ,  is without 
in f luence  on the  accuracy of the  result. 

In any event ,  one is  l e d  t o  t h e  same 

4 .  S t a b i l i t y  of navigat ion is ensured f o r  low v e l o c i t i e s .  It decreases  /30 

I f  one day a vehic le  with a super-orbi ta l  ve loc i ty  c a p a b i l i t y  were 
a t  h igher  v e l o c i t i e s  and is f i n a l l y  a l toge ther  cancel led a t  s a t e l l i z a t i o n  
ve loc i ty .  
designed t o  remain i n  the  Ear th ' s  atmosphere, because of i nve r se  l i f t ,  i n e r t i a l  
naviga t ion  would be uns tab le  f o r  t h a t  vehicle .  

S t a b i l i t y  does not depend on the  a v a i l a b i l i t y  of a platform f u l f i l l i n g  
t h e  Schuler condi t ion.  It w i l l  be ensured even i n  t h e  event of ho r i zon ta l  
naviga t ion  with t h e  a i d  of a platform which is s t a b l e  with r e spec t  t o  absolu te  
space.  S t a b i l i t y d e p e n d s  only on the  s t r u c t u r e  of t he  g r a v i t a t i o n a l  f i e l d .  

8 . 4 .  

L e t  u s  f i n a l l y  introduce t h e  r o t a t i o n  of t he  Earth.  Since naviga t ion  
must provide geographic coordinates ,  i t  is most simple t o  reason on t h e  b a s i s  
of a r e fe rence  frame ca r r i ed  forward by the d iu rna l  movement. The modifica- 
t i o n s  brought by t h e  r o t a t i o n  are t h e  following: 

The r o t a t i o n  imparted t o  t h e  platform must be t h e  vec to ra l  sum of t h e  re- 
la t ive  r o t a t i o n ,  ca lcu la ted  by in t eg ra t ion  of t h e  r e l a t i v e  acce le ra t ion ,  and 
t h e  d r i v i n g  r o t a t i o n ,  which i s  known. The relative acce le ra t ion  is  i t s e l f  
der ived from t h e  measured acce le ra t ion ,  which i s  an absolu te  acce le ra t ion ,  by 
s u b t r a c t i o n  of  t h e  ho r i zon ta l  component of t h e  Cor io l i s  acce le ra t ion  due t o  
the  r o t a t i o n  of  t he  Earth.  Thereaf te r ,  re la t ive angular  ve loc i ty  o r  r e l a t i v e  
a c c e l e r a t i o n  i s  in t eg ra t ed .  
t h e  h o r i z o n t a l  axes of t h e  platform a r e  d i r ec t ed  toward the  ca rd ina l  po in ts .  

I n  p rac t i ce ,  i n  order  t o  s impl i fy  t h e  c a l c u l a t i o n s ,  

A well-known consequence of the Earth 's  r o t a t i o n  is  the  disappearance of 
t he  s e c u l a r  e r r o r  of course and l a t i t u d e ,  t h e  so le remain ing  
mean va lue  being the  longi tude e r r o r .  

e r r o r  of non-zero 

This  seems a paradoxical  result. It is not  immediately clear how t h e  adop- 
t i o n  of  a d i f f e r e n t  reference of movement and system of computation can 
t ransform the  accuracy of t h e  operat ion.  Actual ly ,  t h e  d i f f i c u l t y  rests i n  t h e  
e x p e r i e n t i a l l y  derived not ion of  t he  random s t r u c t u r e  of a measurement e r r o r .  
It is customari ly  held t h a t  the  error i n  t h e  measurement of  a t i m e  func t ion  is  
t h e  sum of a constant  systematic  e r r o r  and of a random e r r o r  having a more o r  
less known s p e c t r a l  d i s t r i b u t i o n .  A l l  t o l d ,  what t h i s  means i s  t h a t  t h e r e  i s  
a sc r ibed  t o  the e r r o r  a continuous spectrum, except f o r  t he  zero frequency con- 
s t i t u t e d  by a l i n e .  

* For a very clear expos i t ion  of  t h i s  second poin t  of view and a most u se fu l  
d i scuss ion  of t h e  orders  of magnitude of t h e  e r r o r s  see [31. 

When t h e  magnitude measured i s  a ve loc i ty  of r o t a t i o n  about 
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a material a x i s ,  t he  systematic  e r r o r  is a vec tor  c a r r i e d  by t h a t  ax i s .  The 
r e s u l t a n t  p o s i t i o n  e r r o r  is  the vec to ra l  i n t e g r a l  of t h e  elementary e r r o r .  I f  
rhe a x i s  is  f ixed ,  these  e r r o r s  are cumulative. I f  t he  a x i s  i t s e l f  t u rns  i n  
absolu te  space a t  an angular  ve loc i ty  w about one of  i t s  normals, t h e  pos i t i on  
e r r o r  has a mean value of zero. The cumulative e f f e c t  then der ives  from the  
frequency component of t h e  random e r r o r ,  bu t  t h i s  does not  correspond t o  a 

s p e c t r a l  l i n e  and the  e f f e c t  is extremely weak. 
a s h i p  t u r n s  percept ib ly  with t h e  Earth, s ince  t h e  speed of  t h e  s h i p  i s  s m a l l  
wi th  r e spec t  t o  t h a t  of the  Earth.  The polar  l i n e  i s  the re fo re  a d i r e c t i o n  com- 
mon t o  absolu te  space and t o  the  platform. 
measurement of  t he  angular ve loc i ty  of the t a b l e  has a f ixed  p ro jec t ion  on the 
l i n e  of t h e  poles  and percept ib ly  s inusoida l  pro jec t ions  on t h e  f r e e  space 
d i r ec t ions  normal t o  t h e  l i n e  of  t h e  poles.  Thus, cumulative o r i e n t a t i o n  
e r r o r  e x i s t s  only i n  longi tude.  

/31 2v 
An i n e r t i a  p la t form c a r r i e d  by 

The vec to r  6Gwhich a f f e c t s  t he  

This r e s u l t ,  which is v a l i d  only i n  the case of a veh ic l e  whose ve loc i ty  
is  small w i th  respec t  t o  t h a t  of t h e  Earth,  obviously bears  a d i r e c t  r e l a t i o n  
t o  the  p o s s i b i l i t y ,  a l ready mentioned, of determining the p o l a r  l i n e  by an in-  
e r t i a l  experiment i n  gravimetr ic  navigation. 

9 .  Space Applicat ions of I n e r t i a l  Navigation 

We have seen t h a t  three-dimensional i n e r t i a l  navigat ion s u f f e r s  from irre- 
mediable i n s t a b i l i t y .  
s h o r t  wi th  respec t  t o  the  c h a r a c t e r i s t i c  t i m e  constants  of t h i s  i n s t a b i l i t y .  

It i s  the re fo re  of necess i ty  l i m i t e d  t o  per iods which are 

The space t r a j e c t o r i e s  i n  u s e  a t  the present  t i m e  are indeed comprised of 
b r i e f  per iods  of powered f l i g h t  separated by ex tens ive  per iods  of f r e e  f l i g h t .  
The propuls ion o r  powered-flight i n t e r v a l s  lend  themselves t o  the  app l i ca t ion  
of i n e r t i a l  naviga t ion  under rhe  same conditions as the i n i t i a l  launch per iod.  
I t  is  extremely usefu l  i n  ensuring t h a t  the propuls ion s t a g e  w i l l  be marked by 
3uch strict  adherence t o  prescr ibed  parameters 
f u r t h e r  cor rec t ions  t o  a minimum. 
p l o i t e d  f o r  an adjustment of the  r e s u l t s  based on electromagnet ic  o r  o p t i c a l  
t racking  procedures. 
with updated d a t a  wi th  respec t  t o  pos i t ion  and i n i t i a l  v e l o c i t y ,  and wi th  a 
p la t form o r i en ted  on the  stars. 

w i l l  hold t h e  need f o r  
The coast ing per iods w i l l  n a t u r a l l y  be ex- 

I n  t h i s  way, a new powered-flight segment may be  i n i t i a t e d  

These opera t ions ,  which can be performed a t  l e i s u r e ,  may be  en t rus t ed  t o  
a human naviga tor  who w i l l  employ instruments decept ively s i m i l a r  t o  s ex tan t s  
and per iscopes and whose func t ion  w i l l  be reminiscent o f  the most t r a d i t i o n a l  
d u t i e s  of  the naval  o f f i c e r .  The r o l e  of o p t i c s  i n  t h i s  area w i l l  be  a pre- 
dominant one,  s i n c e ,  with the  exception of those  regions of the  globe which are 
covered by clouds,  v i s i b i l i t y  is guaranteed; even the  t r o p i c a l  zones furn ish  a 
weal th  of geographic d e t a i l s  capable of s e rv ing  as landmarks. These markers 
are always ava i l ab le  s i n c e  beyond a ce r t a in  a l t i t u d e  the  space naviga tor  never 
l o s e s  s i g h t  of land ,  tak ing  the word "land" h e r e  i n  i t s  t r a d i t i o n a l  m a r i t i m e  
sense.  The stars w i l l  r e t a i n  t h e i r  ro le  as d i r e c t i o n a l  re ference  markers, with 
t h e  c l o s e r  of them gradual ly  rep lac ing  terrestrial  landmarks as the  spacec ra f t  /32 
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p u l l s  away from our  globe, whose ultimate contr ibut iom t o  p o s i t i o n  determination 
w i l l  be l a r g e l y  l imi t ed  t o  t h e  d i r e c t i o n  of i ts cen te r  and apparent  diameter. 

The naviga t iona l  sys  t e m  of t h e  already far-advanced American "Apollo" moon 
p r o j e c t  is based on j u s t  such p r inc ip l e s .  A s  one gains f a m i l i a r i t y  with t h i s  
program, one cannot he lp  being s t r u c k  by the  high degree of autonomy l e f t  t o  
t h e  f l i g h t  navigator .  Although supported under normal condi t ions  by important 
supplementary d a t a  from the  ground, t he  navigator  has been provided wi th  every 
f a c i l i t y  t o  ensure h i s  a b i l i t y  t o  perform h i s  mission wi th  maximum e f f i c i e n c y  
even without  such support .  

10.  Conclusion 

I n  t h e  matter o f u s i n g  measurement t o  r e c o n s t i t u t e t h e  v a r i a t i o n  l a w  of a 
quan t i ty  as a funct ion of t i m e ,  t he  ava i lab le  instrumentat ion i s  f requent ly  
marked by c e r t a i n  complementary f ea tu res  whose very d i v e r s i t y  b r ings  t o  mind 
comparative as s o  c i  a t  ions .  

Among these  comparisons, perhaps t h e  most frequent  is t h a t  of an i n s t r u -  
ment capable  of f a i t h f u l l y  reproducing the rap id  v a r i a t i o n s  of t he  parameter 
i n  ques t ion  bu t  sub jec t  t o  a progressive cumulative devia t ion ,  wi th  another  
instrument whose instantaneous e r r o r  may be s i g n i f i c a n t  and f l u c t u a t i n g  but  
whose mean accuracy shows no degeneration i n  t i m e .  
f o r  example, i n  the  simultaneous presence on -an  a i r c r a f t  instrument  panel  of a 
course holding u n i t  (auto-pi lot)  and a magnetic compass. 

This dichotomy is  r e f l e c t e d ,  . 

I n  terms of t h e  naviga t iona l  problem, t h e  i n t e g r a t i n g  accelerometer is 
c l e a r l y  an instrument of t he  f i r s t  type. While i t  i s  a remarkable and promis- 
i n g  e f f o r t  , t h e r e  i s  something s l i g h t l y  unnatural  about i n e r t i a l  naviga t ion ,  
bas ing ,  as i t  does,  the  e n t i r e  pos i t i on  determination procedure on t h i s  one 
type of instrument alone. As such,  t he  i n e r t i a l  technique appears j u s t i f i e d  
only when d i r e c t  l o c a l i z a t i o n  is  impossible - by v i r t u e  of m i l i t a r y  considera- 
t i o n s ,  f o r  example - o r  when i t  can b e  conveniently employed only at d i s c r e t e  
i n t e r v a l s ,  of g r e a t e r  o r  lesser separa t ion ,  during which t h e  i n e r t i a l  naviga- 
t i o n a l  method can provide a valuable  in t e rpo la t ion .  

The remarkable success  of i n e r t i a l  techniques i n  low-level c i rcumterres-  
t r i a l  naviga t ion ,  with its in t imate  r e l a t i o n  t o  profound mechanical conside- 
r a t i o n s  , w i l l  cont inue t o  guarantee these methods an assured development f o r  
m i l i t a r y  app l i ca t ions .  C iv i l i an  usages, on the  o t h e r  hand, may be less c e r t a i n ,  
i n  view of t h e  t r ack ing  f a c i l i t i e s  made ava i l ab le  by an inc reas ing ly  more ac- 
cu ra t e  and extensive r ad io  naviga t ion  aid network. 

I n  t h e  space environment, t h e  inherent  i n s t a b i l i t y  of three-dimensional 
i n e r t i a l  naviga t ion ,  toge ther  with t h e  an t i c ipa t ed  advance i n  o p t i c a l  and 
rad io  t racking  systems, w i l l  necessar i ly  r e s u l t  i n  t h e  combined u t i l i z a t i o n  
of  d i f f e r e n t  f a c i l i t i e s  and methodologies , with the  predominant func t ion  as- 
s igned t o  t h e  accelerometer and the  gyroscope. 
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Perhaps one day an untapped area w i l l  be found f o r  t he  app l i ca t ion  of in- /33 
t e g r a l  i n e r t i a l  navigat ion i n  t h e  explorat ion of t h e  very e n t r a i l s  of our  
p lane t  ... i f  man decides ,  a f t e r  t h e  Voyage t o  t h e  Moon, t o  tu rn  h i s  a t t e n t i o n  
t o  the  Voyage t o  the  Center of t h e  Earth.  
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